METAPLECTIC RAMANUJAN CONJECTURE OVER 
FUNCTION FIELDS WITH APPLICATIONS TO 
QUADRATIC FORMS 



Abstract. We formulate and prove the analogue of the Ramanujan 
Conjectures for modular forms of half-integral weight subject to some 
ramification restriction in the setting of a polynomial ring over a fi- 
nite field. This is applied to give an effective solution to the problem 
of representations of elements of the ring by ternary quadratic forms. 
Our proof develops the theory of half-integral weight forms and Siegel's 
theta functions in this context as well as the analogue of an explicit 
Waldspurger formula. As in the case over the rationals, the half-integral 
weight Ramanujan Conjecture is in this way converted into a question of 
estimating special values of members of a special family of L-functions. 
These polynomial functions have a growing number of roots (all on the 
unit circle thanks to Drinfeld and Deligne's work) which are shown to 
become equidistributed. This eventually leads to the key estimate for 
Fourier coefficients of half-integral weight cusp forms. 



1. Introduction 

1.1. Representations of numbers by quadratic forms: History. The 

general question that motivates this paper is the following one: 

Given a quadratic form Q(X) over some ring R, which elements of R are 
represented by Q? 

This question has historically received a lot of attention, especially over 
number fields and their maximal orders. Over Q and other number fields 
K, the question turns out to be a completely local one. Specifically, we have 
the following 

Theorem 1.1 (Hasse-Minkowski |32j). Let Q{X) be a quadratic form over 
K, where K is a number field. Then Q represents an element a over K iff 
Q represents a over the completion K v for every valuation v of K . 



Over orders in number fields, however, the question becomes more delicate, 
as the Theorem of Hasse-Minkowski is no longer true. To remedy this sit- 
uation, one must introduce the notion of genus. From now on we restrict 
ourselves to Z. 

Definition. Two quadratic forms Qi,Q2 over Z belong to the same genus 
if they are isomorphic over Z p for all prime numbers p and over M. 

l 
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With this definition, we have the following analogue of the Hasse-Minkowski 
Theorem: 

Theorem 1.2 (Minkowski-Siegel [H]). Let Qi, ■ ■ ■ ,Q g constitute a genus 
G of quadratic forms over Z. Then an integer n is representable by some 
form in G iff it is representable by some form (and hence all forms) in G 
over TL p for each prime number p, as well as over R. 

Even though the Theorem of Hasse-Minkowski can fail for individual qua- 
dratic forms in 3 or more variables, it turns out that the set of exceptions 
is small. In particular the set of square-free exceptions is finite. The tech- 
niques leading to such results are analytic ones. By developing the circle 
method, Hardy and Littlewood managed to prove such a theorem for non- 
degenerate quadratic forms in at least 5 variables. Kloosterman refined this 
method, and extended it to non-degenerate diagonal quadratic forms in 4 
variables. However, the extension to quadratic forms in 3 variables had to 
wait for the theory of automorphic forms and L-functions to be developed, 
and was finally proved by Duke and Schulze Pillot in 1988. More precisely, 
the theorem is the following: 

Theorem 1.3 (Hardy-Littlewood n > 5, Kloosterman n = 4, Duke-S.P. 

n = 3 [8]). Let Q(x) be a non- degenerate integral quadratic form in n > 3 
variables. Then if m is a large enough square-free number, Q represents m 
over Z iff it represents m integrally over all completions ofL. 

It is worth noting that all the analytic proofs of the Theorem show that 
the number of times a number is represented by a quadratic form in fact is 
asymptotically "what it should be" . It is also worth noting that the Theorem 
is ineffective due to a possible Siegel zero. 

We now focus on the case of 3 variables and discuss the theory of an ternary 
integral quadratic form Q(x). The story for positive definite and indefinite 
forms is slightly different, so we assume for now that Q(x) is positive definite. 
The theta function attached to Q{x) is then defined by 



(1) 




&q(z) is absolutely convergent and defines a holomorphic function in the 
upper half-plane. Moreover, if we let rg(m) be the number of solutions to 
Q(x) = m, then we have the equality: 




m>0 



We can therefore read off the number of representations of an integer m by Q 
from the Fourier coefficients of Qq\ Moreover, using Poisson summation, we 
can see that Qq(z) is a modular form of weight 3/2 for a congruence group 
Tq(N) of SL2 (Z) for N = 4disc(Q). These observations are the foundation of 
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this approach to studying rg(m). Although the theta function Qq contains 
all the information about the number of representations, it is hard to analyze 
directly. The way to proceed is to define another theta function for the genus 
G of Q. For each form Q' £ G, define nni to be the order of the group of 
automorphisms of Q' over Z, so that n(Q') = \SOqi(Z)\. We note that since 
Q' is definite, uq> is finite. Define nc = Y^Q'eG 7T7 an( ^ 



First, notice that Qq 1S a ls° a modular form of weight 3/2 for ro(iV). More 
importantly, the coefficients rc(m) of ®g correspond to the number of rep- 
resentations of numbers by the whole genus G, and are therefore very well 
understood by Siegel's mass formula to be products of local densities. The 
idea is to show that the coefficients of Qq and Qq aren't very different. The 
key identity is the following: 

Lemma 1.4 (Siegel). Qg( z ) ~ ®q( z ) ^ a cusp form. 

We give a proof of this in the function field case when Q is anisotropic in 
section [7] (c.f. €021) . 

All that is left to prove the Theorem is to show that cusp forms have rel- 
atively small Fourier coefficients compared to the mass in Siegel's formula. 
It turns out there are 2 types of cusp forms of weight 3/2. The first kind 
are theta series associated to one dimensional lattices; these are easy to 
deal with in our case since their coefficients are supported on finitely many 
square-classes, and so contain only finitely many non-zero square- free coef- 
ficients. The second kind are the cusp forms orthogonal to these, and these 
are all obtained by the Shimura correspondence from weight 2 cusp forms 
on the upper half plane. The main task is to bound the Fourier coefficients 
of these. 

To get a sense for the kind of bound we need, observe that by Siegel's mass 
formula and his lower bouncQ on quadratic L-functiona3 either there are no 
representations of a squarefree integer m by a form in the genus G, or else 
m i/2-e ^ rc(m) <C m 1 / 2+e . The kind of bound we are looking for on the 
Fourier coefficients of cusp forms is a(m) <C m 1 / 2-5 for some 5 > 0. As 
it happens, the bound a(m) <ti m l / 2+e is easy to prove and any kind of 
improvement would be sufficient for our purposes. There are two possible 
ways to proceed in this case: 

The first (and this is the method developed by Iwaniec and Duke) is to 
develop a Kuznetzov formula, and then proceed to bound sums of Salie 



Note that this bound is ineffective over Q. 
2 See Theorem IAT41 
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sums. This approach is arguably quicker and more direct, since it never 
goes through Waldspurger's formula. 

The second approach is to use Waldspurger's formula. This is a formula 
which relates the Fourier coefficients of a half-integral weight modular form 
to the central value of a certain L-function associated with its Shimura 
lift. In this way, the problem becomes a subconvexity problem. There 
is by now a great deal of machinery to deal with subconvexity problems, 
and so one can get better bounds this way. This also has the advantage 
that the optimal bound for the central value of an L-function follows from 
the Riemann hypothesis for that L-function combined with the knowledge 
of the distribution of its zeroes, and in the function field case the Riemann 
hypothesis is known. This is mainly why we follow this approach. We would 
also like to emphasize that the metaplectic Ramanujan conjecture is not a 
spectral statement, in that it is not a consequence of the underlying local 
representations being tempered. As such, although the Riemann hypothesis 
is essential for bounding the central value of the L-function, the statement 
of purity alone is insufficient for our purposes. 

We now focus on the state of affairs for function fields. Once and for all, 
we fix a function field k = ¥ p (T), where p is a prime such that p = 1 
(mod 4) for convenience. In this setting, the story for rational forms, that 
is quadratic forms defined over k, is the same as for number fields in that 
the Hasse-Minkowski Theorem still holds. 

Theorem 1.5 (Hasse-Minkowski [32 ). Let Q(X) be a quadratic form over 
k. Then Q represents an element a over K iff Q represents a over the 
completion k v for every valuation v of k. 

The completions of k have a slightly different nature than that of Q in that 
there are no archimedean places. Indeed, there is one completion kp for 
each monic irreducible polynomial P, as well as the completion "at infinity" , 
koo = F p ((T -1 )). It should be emphasized that while we single out koo as 
a fixed place over which to work, it is really no different than any other 
completion of k, and everything that follows would work equally well at any 
completion. The analogue of an integral quadratic form in the function field 
case is a quadratic form Q over an F p [T]-lattice L and the question of interest 
is which polynomials Q represents. It is important here to distinguish 2 
cases. We define Q to be isotropic over a field if it represents over that 
field non-trivially, and anisotropic otherwise. If Q is isotropic than it often 
represents a polynomial infinitely many times, so it is natural to count in 
"boxes", that is, we fix a coordinate system x±,X2,-- - ,x n for L and bound 
the degrees of each coordinate. A coordinate-free way of doing this is to 
fix an F p [[T _1 ]]-lattice Oy in V = L <8>f p [t] ^oo and define the restricted 
representation numbers 

r{D; L, O v ,m) = #(veLD T m O v \ Q(v) = D). 
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Note that these numbers are always finite since L n Oy is finite. In the 
anisotropic case, however, the representation numbers r(L,D) = #(v £ L \ 
Q(v) = D) are always finite, and no restriction is necessary. The reason 
is that in this case the orthogonal group SOQ(k OQ ) is compact, while the 
lattice L is discrete in V. Another immediate consequence of this compact- 
ness in the anisotropic case is the finiteness of the integral stabilizer group, 
SO Q (¥ p [T]). 

Merrill- Walling [28] and later Hoffstein- Merrill- Walling [14] studied the case 
of representations of polynomials by sums of n-squares, which in our no- 
tation corresponds to L = ¥ q [T] n , Q(x\, . . . ,x n ) = x\ + • • • + x^, Oy = 
{(xi, . . . ,x n ) £ A;^ | deg(xi) < 0} and D and m vary. They get an asymp- 
totic for r(D, m), the number of representatios of D as a sum of n squares of 
degree < m as long as n > 3, and show that these numbers are non-zero for 
sufficiently large D subject to the necessary condition m > deg(D)/2. Their 
method develops the spectral theory on the space S L2(¥ q [T])\S L2(k OQ ) / S L2(¥ q [[T^ 1 ]]) 
and then expresses an appropriate theta function in terms of the Eisenstein 
spectrum. They note that this only possible because on this space there are 
no cusp forms. A phenomenon which does not persist when one adds level 
and in particular when one considers more general forms. 

In [3], Car developed the circle method and the Kloosterman refinement of 

the circle method for diagonal forms Q(x\, X2, • • • , x n ) = Aixl~\ VA n x\ in 

at least 4 variables where for every j, Aj € F P [T]. As a result, she proves an 
asymptotic for the number of representations of D even under the strictest 
degree conditions, namely 

deg(^) < i(deg(I>) - deg(^) + 1) 

It turns out that for anisotropic diagonal forms every representation of a 
polynomial satisfies the strictest degree conditions, so an immediate conse- 
quence of Car's work is an asymptotic for representation numbers of diagonal 
anisotropic forms in > 4 variables. 

We now describe our results, focusing primarily on the anisotropic case. 
Let Q be a quadratic form on a 3-dimensional F g [T]-lattice L, such that 
Q is anisotropic over k^, that is, Q does not represent non-trivially over 
V = L (8)^ m koo- The theta function for Q is then defined by 

@ Q (((f 1$) = \v\ 3/ \^,™oo)^^em)T 2 u) XOoa m)v) 

leL 

vqo(v) 

= \v\ 3 / 4 (V^,^oo)oo 2 Yl r Q (D)e(DT 2 u) XOoc (Dv) 

D&¥ P [T] 

Where > £ SL2(k OQ ), e(x) is an additive character, (-,-)oo 

denotes the Hilbert symbol at the completion k^ (for a precise definition 
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of these see §2.11 and §2. 2ft . \v\ = \v\oo, Ooo = F P [[T -1 ]] and xOoc is the 
characteristic function of Ooo- We form the genus theta function @g as 
in the number field case and prove that Qq — Qq is a cusp form. This 
reduces the question of representation numbers to understanding the Fourier 
coefficients of Qq and bounding the Fourier coefficients of cusp forms. The 
Fourier coefficients of Qq are readily read off from the Siegel mass formula. 
To bound the Fourier coefficients of cusp forms we follow [17] and [2] to 
prove a Waldspurger type formula. A nice feature of the function field case 
is that since the Riemann hypothesis is known, we can both prove what 
is essentially the optimal bound for Fourier coefficients of cusp forms, and 
give an effective lower bound on the Fourier coefficients of Qg coming from 
the main term. This is primarily because the Riemann hypothesis rules out 
Siegel zeroes. This being said we also remark that unlike in the number field 
case, the necessary estimates do not immediately follow from the Riemann 
hypothesis, cf. <|3j 

Before describing our main results we need to introduce some notation and 
terminology; this will be explained in detail in £}2j Let SL2{k 00 ) be the 
metaplectic cover of SL 2 {koo) given by the explicit cocycle described in §2.21 
We write elements of SL 2 {koo) as (g;8) where g € SL 2 {koo) and 8 £ {ill- 
Let Woo = T be a generator for the maximal ideal of the ring of integers 
Ooo of koo- For N G ¥ P [T] and n G N, let f (N) and i{K (w^)) denote the 
following subgroups of SL 2 (koo)'- 

fo(iV) = {v({ a c b d ))\ ( a c d) G SL 2 (¥ p [T}), c = 0mod]V}c SL 2 (koo) 

i(K (w^)) = {i((- b d )) I (««}) GSL 2 (Ooo), cEOmod^C 5L 2 (M 

Where n : SL 2 (¥ p [T]) -> SL 2 (koo) and 1 : SL 2 {Ooo) -> SL 2 {koo) are 
as defined in §2.21 We call functions, F, on the space To(N)\SL 2 (koo)/ 
l{Kq{vj'^ )) that satisfy F((J 2) — 1)) = — F((J 2 ,1)), where I 2 stands for the 
sx2 identity matrix, metaplectic functions of level N, depth n. We note 
that the latter condition is to ensure that the functions F does not factor 
through SL 2 . We denote the space of level iV depth n metaplectic functions 
by M n (f (N)). 

At this point we want to take a step back momentarily and explain some 
of the technical and philosophical points of the paper. First of all we will 
(as much as possible) be working with the singled out place koo and local 
group SL 2 (koo)- The reason (for us choosing such an approach) is mainly 
the application to quadratic forms we described above. We want to keep 
the analogy with the corresponding representability problem over number 
fields as close as possible and the classical language serves this purpose 
better. 

We should, however, note the appearance of the subgroups l(Kq(w^ q )). As is 
well known in the number field case, the weight of a modular form is dictated 
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by the action of the maximal compact subgroup of SL2 (K) on the associated 
representation. In the case of a function field a similar phenomenon occurs. 
The difference, however, is that the maximal compact subgroup (which is 
the circle group S 1 in the classical picture) is now l(SL2(0 00 )) x (J 2 ,±l). 
In particular it is nonabelian and hence has a much richer representation 
theor^. The theta functions, which are functions on the group SL2(k OQ ), 
transform under a representation p of the maximal compact. This represen- 
tation being smooth implies that there exists a number n £ N such that p 
has a fixed vector under the congruence subgroup l{Kq{'uj'^ )) . In accordance 
with Moy-Prasad [30J we call the minimal such n the depth. In this paper 
we will be considering metaplectic forms of depth or 1 and arbitrary level. 
Theta functions associated to anisotropic ternary quadratic forms turn out 
to be of depth 1 and hence this depth restriction is enough for the applica- 
tion we have in mind. We also note that all of the above can be treated in 
a completely uniform manner (as is done in £J7|) by the Weil representation 
on SX2(Afc) where is the adele ring of k. We should further mention 
that the half-integral weight Ramanujan conjecture can also be expressed 
in a uniform adelic language and the methods of this paper are capable of 
establishing this in the most general case without any depth restrictions. 
One can also replace F P (T) with an arbitrary function field k over a finite 
field. This is the subject of the upcoming paper pQ. 

With the remarks of the preceding paragraph we now restrict to the depth 
n < 1 case. A metaplectic function, F S M n (To(N)) is called cuspidal if 
the constant Fourier coefficient of F vanishes at each cusp (see equation 
([5])). The space of cuspidal metaplectic functions of level N and depth n 
are denoted by S n (To(N)). We will be considering cuspidal metaplectic 
functions that are eigenfunctions of certain operators that fill the role of the 
Laplacian in the archimedean picture. These are explained in detail in §2.7.51 
and §2.7.61 Let A denote right convolution with the characteristic function 




of the double coset i(5L 2 (0 00 ))\ _i , 1 /l(SL 2 (0 0C )). For any 



a cuspidal metaplectic form of level N, depth 1. 



This feature is already present in the number field case when one works over an 
imaginary quadratic field and the group SL2 (C) where the maximal compact subgroup is 
SU(2). 
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On the other hand, at each finite place P \ N we have the usual Hecke 
operators T P 2 acting on the metaplectic functions of level N, depth n, n < 1. 
We will call a cuspidal metaplectic form F of level N, depth n, that is an 
eigenfunction of all Hecke operators T P i for P \ N, a cuspidal metaplectic 
Hecke eigenform of level N, depth n. 

A cuspidal metaplectic form F £ Sq(Tq(N)) has a Fourier-Whittaker expan- 
sion at the standard cusp as 

F(w)= J2 ^F(D)(D,V^)ooe(T 2 Du)W nil e(Dv) 

De¥ p [T] 

where w = \ ( ^ "/^J , 1 J , (• , -)oo denotes the Hilbert symbol at the place 

oo as usual, and the Whittaker functions W n ^g are as defined in ^2,7.51 and 
£12.7.61 respectively. With these definitions in hand we can now state the 
main result of the paper, which gives an optimally sharp estimation for the 
Fourier-Whittaker coefficients of metaplectic forms. 

Theorem 1.6 (Metaplectic Ramanuj an conjecture). LetF(w) be a cuspidal 
metaplectic form of level N and depth or 1. If D is a square-free poly- 
nomial of even degree that is relatively prime to N, the Fourier-Whittaker 
coefficients Xf(D) of F satisfy the bound 

\X F (D)\ < C F , e \D\-^ 

where \D\ = p de d( D ) and Cp e is an effective constant depending only on F 
and e. 

The main application of Theorem 11.61 to the representation of polynomials 
by quadratic forms is the following assertion: 

Theorem 1.7. LetQ be a ternary quadratic form over¥ p [T] that is anisotropic 
over koo . For D G F P [T] such that deg(D) has the same parity as deg(disc(Q)) 
and (D, disc{Q)) = 1, let rg(D) denote the number of times Q represents 
the polynomial D and rc{D) the number of times D is represented by the 
genus of Q. Then 

r Q {D) = r G {D) + Q , e (\D\ 1/4+e )- 
where the implied constant is effective and depends only on Q and e. 

The following local to global principle now follows immediately from Theo- 
rem [L71 

Corollary 1.8. For Q as above there exists an effective constant Aq such 
that every square-free D € F p [T] with deg(D) of the same parity as deg(disc(Q)) , 
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satisfying (D, disc(Q)) = 1 and \D\ > Aq is represented by Q as long as 
there are no local obstructions. 

The paper is structured as follows: In $2] we introduce and develop the basic 
notions over function fields including quadratic forms, cuspidal automorphic 
and metaplectic forms, their Fourier expansions, Hecke operators, Whittaker 
functions and L-functions attached to cuspidal automorphic functions. For 
each of these notions we first give a treatment for depth functions and 
then describe the relevant changes for depth 1 functions. In §|3] we identify 
precise conditions under which the Riemann Hypothesis implies the Lindelof 
Hypothesis for a family of zeta functions in the function field setting. In $4] 
we study the Shimura and Maass-Shintani lifts and derive explicit normali- 
sations. To clarify the technical proofs we first give detailed proofs for the 
full level and depth case and then point out the differences in the case of 
arbitrary level and depth 1. $5] applies the results of $4] to prove a Wald- 
spurger type formula and the metaplectic Ramanujan conjecture. $6] gives 
the promised application to representing polynomials by quadratic forms, 
and in £J7] we provide a concrete example to the type of representability 
question we answer in the paper. Finally §A develops the Weil represen- 
tation, uses it to define theta functions, and proves their transformation 
properties. Though it is fundamental and referred to throughout the paper, 
§A is quite technical and can be skipped on a first reading. 

2. Automorphic Forms Over Function Fields 

2.1. Notation. We will fix some notation which will be used throughout 
the paper. Let ¥ p denote the finite field with p elements. For convenience, 
throughout the paper we will be assuming that p = 1 (mod 4). Let R 
denote the ring F P [T], and k the field ¥ p (T). We also fix the prime at "infin- 
ity" which corresponds to the valuation Voo such that u 00 (<Si(r)/jS , 2(r)) = 
degS^ — degSi, for S\, S2 G F p [T]. The completion of k with respect to 
this valuation is isomorphic to F p ((T~ 1 )) = /coo 5 and the ring of integers 
of koo is Ooq. We will denote the uniformizer T _1 of Coo by and use 
them interchangably. We denote the norm induced by by | • |oo) i- e - F° r 
x G fcoo, I a; |oo = p~ v °°( x \ For any set A we will use the notation, xa, to 
denote the characteristic function of A. Once and for all we fix an additive 
character, e(x), on k^ defined as follows. Let x = X^=-oo ^ ^oo where 
a,j G Fp. Choose a lift a\ of a\ to Z, and define e(x) := e 27Tia ^ p . Since e(x) is 
independent of the choice of the lift a\, we will simply write e(x) = e 2mai ^ p . 
We also note that the conductor of e(x) is Coo, i-e. e(x) = 1 for all x G Coo 
and e{x) is non-trivial on TOooOoo- 

The norm of an element S G FpfT 1 ] will be denoted by \S\ — |S'|oo — P e ^ ■ 
The finite valuations of k can be identified with the monic irreducible poly- 
nomials P G F P [T] by setting fep to be the fraction field of the completion 
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of R with respect to P. Abusing notation, for a valuation v corresponding 
to P and an element c G R we sometimes write v \ c to denote P \ c. 

Define the function field analogues of the classical gamma and zeta functions 

by 



<*(») = £^7 

Note that because the valuations of k are indexed by monic irreducible 
polynomials, the Euler product for £ is Cfc( s ) = ip ~ l)Ilp(l ~~ l-f| _s ) _1 > 
where the product is over all monic irreducible polynomials P G R. 



2.1.1. Hilbert Symbols and Quadratic Reciprocity. Recall that we are assum- 
ing p = 1 mod 4. For c G -R\{0} such that the ideal generated by c is prime 
in R (i.e. c is an irreducible and we do not care about the leading coefficient), 
and for d G R we will define the Legendre symbol mod c by 



if gcd(c, d) / 1 

1 gcd(c, d) = 1 and <i is a square modulo c 
— 1 otherwise 



Where we use gcd(c, d) to mean that the ideal generated by c and d is 
the whole ring R. We then extend this definition multiplicatively in the c 
variable. Now let v be a valuation of k and let be the completion of k, 
O v C k v the ring of integers of k v , and w v a uniformizer at f . For a, f3 G /c^ 
we denote the Hilbert symbol at the place v by (a,(3) v . By definition 



(a,f3) v 



1 if there is a non-zero solution to z 2 = ax 2 + f3y 2 with (x, ?/, G k^ 
— 1 otherwise 



Recall that the Hilbert symbol is multiplicative in each variable. More- 
over, since we are working over ¥ p with p = 1 mod 4 it can easily be 
checked that the (— is the unique symplectic form on (/c 1) ) x /((/c 1 ,) x ) 2 x 
(k v )x/((k v )X) 2 . 

Explicitly, for v = oo, and = T , we have 

'xo\ m fyo 



where x = x w^,y = y m™ and x , y eO^. 



The most important property of the Hilbert symbol is the product formula 
(cf. [H]), niX '/^)^' = 1' where the product is now over all valuations (in- 
cluding valuation at infinity). 
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Lemma 2.1. For a, (3 € -R\{0} relatively prime we have 

Proof. By the product formula, 

~[(a, P) v = 0)v = (a, P)oo P)v 

v\j3 v\[) v\a 

which shows that both sides are defined multiplicatively in (3. Hence it is 
enough to consider the case when f3 is a prime and denote the valuation 
corresponding to (3 by b. Let k^ be the completion of A; at b. Then we have 
the following equalities 

JJ(a,/3)„ = (a,/3) b = 

□ 




The product formula implies, in particular, the following quadratic reci- 
procity formula for k = ¥ p (T): 



Lemma 2.2. For a, (3 £ -R\{0} relatively prime we have 




Proof. Using the fact that if v doesn't divide a or f3 we have (a, (3) v = 1 
together with lemma I2TT1 we have 

as desired. □ 




2.2. The Metaplectic group. Following the treatment by Gelbart given 
in [10], we define the metaplectic group, SL 2 {k 00 ) : to be the double cover 
of SL 2 (k OQ ) defined by the following cocycle: For a matrix g € SL 2 (koo) 
define 

X( 9 ):={ C "*° 

I d otherwise 

and 

e( 9l ,g 2 ) := {X{g 1 ),X{g 2 )) O0 {X{g 2 ),X{g z )) O0 {X{g 1 ),X{g^)) OQ 
where 53 = g\g 2 . That this is actually a cocycle is the main result of |21j . 



Thus elements of SL 2 (koo) can be written as ((7, <5) where g (z SL 2 (^oo)> $ 
±1 and the multiplication is (g 1 , 5 1 )(g 2 , 5 2 ) = (gig 2 , Sx8 2 e(gi, g 2 ). 
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In what follows, we will be interested in various operators (for instance 
Hecke operators), whose definition will depend on splitting properties of e 
over various subgroups of k^. First consider the subgroup 6X2 (Ooo)- By- 
Lemma 2.9 of [IU] we have the following splitting of SL2{k 00 ) over SL2(Ooo)' 
For g € SL2{0 00 ) define 




if c / and c $ O 
otherwise 



Then the map 1 : SL2{0 00 ) — > SL2(koo) given by t(g) = (g, «(<?)) is a group 
homomorphism. We mention that while Gelbart only works over fields of 
characteristic an inspection of the proof shows that it carries over verbatim 
for local fields of odd residual characteristic. 

The other subgroup we would like to consider is SLi2(R). Let r\ be the map 
of sets n : SL 2 {R) ->• SL 2 (koo) given by V {g) = {g, (|)) for g = (« *). Then, 



Lemma 2.3. rj is a group homomorphism. 

Proof. This is a consequence of the product formula for the Hilbert symbol. 
Consider gi = d ) e SL 2 (R) for i = 1,2, 3 with gig 2 = 53. We assume 
for simplicity that ci, 02,03 are all non-zero though the other cases can be 
handled similiarly. Then by the product formula we have 

^(91,92) = (01,02)00(01,03)00(02 

= ] [ ((C 1 ,C 2 ) V (C 1 ,C 3 ) V (C2,C 3 ) V ) 
3 

i=l v\ci 



i=l 



as desired. □ 

2.3. Quadratic forms over function fields. We begin with a review of 
quadratic forms over function fields. Let Q(x) be a quadratic form in n- 
variables, x = (xi,X2, ■ ■ ■ ,x n ). Q is said to be non-degenerate if its associ- 
ated bilinear form 

B(x, y)= l - (Q(x + y) - Q(x) - Q{y)) 

is non-degenerate. We also say that a form is anisotropic over a field k if 
it does not represent non-trivially over that field. We remark that over 
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the field M of real numbers, the anisotropic forms are precisely the definite 
ones. 

We shall be considering also quadratic forms Q over rings S instead of fields. 
Given such a ring S,a free S-lattice L, and a quadratic form Q on L, we can 
represent Q as a symmetric matrix Aq by picking a basis l±, I2, ■ ■ ■ , l n f° r L 
over 5, and writing Aq = [Q(k,lj) • 1+ ^ 3 so that 



QC^OLik) = a • Aq 

i=l 

where a = (ai, 02, . . . , a n ) and a* denotes the transpose vector. Changing 
bases by an element of g G GL n (S) amounts to changing Aq to gAQg 1 . 
Thus we can define the discriminant disc(Q) to be the determinant of Aq, 
and this is a well defiend element of S/(S X ) 2 . In particular, note that the 
ideal (disc(Q)) is well defined in S. 

Lemma 2.4. Let Q(x,y,z) be an anistropic quadratic form over k^. Then 
for all m€Z, Q~ l {m™0 oo) is an Ooc lattice in k^. 

Proof. First note that since we are not over a field of even characteristic, we 
can diagonalize the form Q, so we can assume it is of the form Q(x,y,z) = 
ax 2 + by 2 + cz 2 . Only the square-class of a, b, c is relevant, so each of a, b, c 
can be assumed to be one of 1, u, T, uT, for u a quadratic non-residue in ¥ p . 
Moreover, we can scale to assume that a = 1. Note that the operations of 
changing basis and scaling done so far do not affect the statement of the 
lemma. 

Next, for Q to be anisotropic, we can not have both b and c be elements of 
F p . Going through the cases, we see that by scaling (we note that scaling 
does not effect the statement of the lemma) and changing basis we can turn 
every ternary anisotropic form into Qo(x, y, z) = x 2 + uy 2 + Tz 2 . Now, it is 
easily seen that Voa(x 2 + uy 2 + Tz 2 ) = m.dLX.{v oa (x 2 ),v oa (uy 2 ),v O0 (Tz 2 )} and 
so Qo^Ooo) = {(x,y,z) I x,y € O^^z E ro^O^}. □ 



2.4. Background on symmetric spaces. We denote by H the "upper 
half plane" 

n = PGL 2 {k 00 )/PGL 2 {0 00 ) 
A complete set of coset representatives for H is 

n = {(oi)l yeA&/c&, WyOc} 

Note that {T m m 6 Z} forms a complete set of representatives for y. The 
space EI carries a measure invariant under the action of PGL2(k OQ ), which, 
in the (x, y) coordinates, is given by 

dx dy 
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where dx and dy are normalized to give measure 1. 



2.4.1. Metaplectic spaces. Recall from §2.21 that we have a group homomor- 
phism t : SL2i0 00 ) — > SL2(k OQ ) given by g — > (g,K(g)). We will also be 
interested in functions on the space 

n = SL 2 {k OQ )/i(SL 2 {0 00 )). 

A complete set of representatives for H is given by 

fi= {((f l ^ (*&) a /(0 X ) 2 , U£ W«Oo} 

Note that a function F : SL2(k OQ ) —> C which is invariant under the central 
element (Id,—1) G SL2(k O0 ) descends to function on SL2(k OQ ). We would 
like to disregard these functions which are not "really" metaplectic. We 
thus insist on our functions / to satisfy F((Id, —1) • g) = —F(g). If F is a 
function on EI and g G SL2(k OQ ) we often write F(g) to mean F((g, 1)) by 
abuse of notation. 

The arithmetic of the metaplectic group enters when we ask study functions 
on 5X2(^00) which are left invariant under r)(SL,2(R)). We also note that 
the metaplectic group is considered from the adelic viewpoint in <J71 



2.4.2. Depth 1. For the application to anisotropic quadratic forms, we shall 
also need to talk about automorphic forms with certain ramification type 
at the place "00". More precisely, for each integer n > we introduce the 
subgroups Kq(w^ ) and Kq(w^ q ), 

K (w2 o ) = {{ a c b d ) ePGL 2 (0 O0 ) I c^O modtsSj 
K (w2 o ) = {{° b d )eSL 2 (O oo ) I c^O modru™} 

and denote PGL2{k O0 ) / Kq{w 00 ) and SL2(k 00 )/i-(Ko(vj 00 )) by Hi and Hi, 
respectively. 

Hi can be decomposed into two "components" with natural coordinate sys- 
tems, which we will denote by H" and M\ and refer to as the ' upper 1 and 
'lower 1 components respectively. A set of representatives for the upper com- 
ponent H" is 

(3) W£ = {(H) \ yekZ/O^xekoo/yOoo} 
and a set of representatives for the lower part H^ is given by 

(4) Hi = {(?») I y€k*/0*, xGk^/yw^O^} 

The space Hi has a measure invariant under left multiplication by PGL<2{koo) 
exactly as we did before. We will normalize our measure so that it is com- 
patible with the measure on H under the projection map Hi — > H. Each 
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point z G H has p + 1 pre- images in Hi , and in our coordinate system we 
have 

Pr- 1 (lt) = {(Vi)}^{( X+ 1 jyy o) I i€F p } 

The measure normalization we will use on the upper and lower components 
will be different because of the compatibility with the measure on H. More 
precisely, for a fixed y, the point (qi) G and the point jj) G 
have different measures, with respect to the measure /i, when considered 
as an equivalence class. This is because x is defined modyOoo on H", 
which gives the equivalence class of ( q \ ) mass 1 , whereas since x is de- 
fined mod yWooOoo on H 1; the equivalence class of ( \ q ) gets mass p _1 . We 
will normalize our measure to compensate for the power of p. Thus, the 
invariant measure which pushes forward to dxdy on H is 

1 cfe ciy 



p + i \y\ 



p dx dy 
p+1 \y\ 2 



and this is the measure we will be using. 

Likewise, EI has two "components", Wf and W\. A set of representatives for 



11 is 



v l/2 u/v l/2 

l/v 1 / 2 



) ,±l) | v G (^) 2 /(O x ) 2 , U G W^oc} 



and a representative set for is 



1 = { ((l/I^ "D ' ±X ) I " ^ (^) 2 /(0 X ) 2 , « € fcoo/t^ooOoo} 



Reasoning as above we get the invariant measures on the upper and lower 
components: 



1 du dv 
p+1 \v\ 2 

p du dv 
p+1 \v\ 2 



2.5. Automorphic and metaplectic functions. 
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2.5.1. Automorphic Functions. We denote PGL2{R) by T, and for N E R, 
we define Tq(N) C T to be 

r (iV) = {(«J) ePGL 2 (R) | c = modiV} 

We define the space of automorphic functions of level N, depth 0, to be the 
space of complex valued function on ro(iV)\BI. 

M o (r o (A0) = {</> ■ r o (A0W -> c} 

Such a is moreover called cuspidal if for any unipotent subgroup ?7 of 
PGL 2 (k OQ ) such that f7 n T (N) ^ 1, the following identity holds: 

(5) / <f>{nz)dn = 0, VzGi 

Jr (N)nv\u 

We denote the space of cuspidal automorphic functions of level TV, depth 
0, by So(Tq(N)). If we take U to be the upper-triangular matrix group 
Uoo = { ( J i ) I x S } then ([5]) says that the constant term in the Fourier 
expansion of <fi ( q \ ) with respect to vanishes. Cuspidality means that 
this is true for all the cusps of ro(A r )\H. It is well-known (cf. Corollary 
1.2.3 of [12]) that the functions in So(Tq(N)) are supported on finitely many 
points and thus Sq(Tq(N)) is finite dimensional. 



2.5.2. Metaplectic Functions. We denote rj(SL2(R)) by T, and for N E R 
we define Tq(N) E T to be 



Fo(JV) = {iK(25)) 



e r 



c = mod 



We define the space of metaplectic functions of level N and depth 0, Mq(Tq(N)) 
as follows. 



Mi 



.(ToW) = { 



F : 



F(7to) = F(ru) = • (Id, -1)), V 7 E r (iV)} 



Such an i 7 is moreover called cuspidal if it satisfies 

(6) / 4>{r](n)w)dn = 0, Vwel 

•/ro(A0nt/\(7 

for every unipotent subgroup U of SL2(k OQ ). We denote the space of cuspi- 
dal metaplectic functions of level N, and depth by Sq(To(N)). As before 
(cf. [12], in particular Lemma 1.2.2, which works equally well over the meta- 
plectic group), the functions in So(Tq(N)) are supported on finitely many 
f (A0-orbits, and so dim (s (f (N))) < oo. 
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2.5.3. Depthl. If a function (/> (resp. F) on PGL2(k cxs ) (resp. SL>2{k O0 )) sat- 
isfies all the conditions of being automorphic, with respect to the congruence 
subgroup Tq(N) for some iV (resp. metaplectic) with respect to Tq(N)), but 
with the condition of right invariance under PGL2(0 00 ) (resp. i{SL2iO QO ))) 
weakened to right invariance under Kq{woo) (resp. i(Ko(-uVoo))), then <\> 
(resp. F) is called an automorphic function of level N, depth 1. (resp. 
metaplectic function of level N, depth 1) Denote the space of all auto- 
morphic functions of level N, depth 1, by Mi(Tq(N)). Define the spaces 

Si(r (iV)),Mi(fo(AO), and Si(f (iV)) analogously. 

2.5.4. Fourier expansions. Let <j)(z), on H, and F(w), on H, be an auto- 
morphic and a metaplectic function of depth respectively. Since <fi(z) and 
F(w) are left invariant under the upper triangular groups {(q \ ) \a £ R} , 
and{(( J f) , 1) \a € R} we can Fourier expand 4>{z) and F(w) for z = (q ^ ) 

and w = l^J ' X ) ' as follows: 

aeR 

F(w) = Y,e( T2au ) F a(v) 

aeR 

(Note that the introduction of the T 2 factor is because under our normal- 
ization of the character e(x), the orthogonal complement of the ring R is 
T 2 R.) Since x is only defined up to addition by y0oo> and u is defined 
modulo vOoo, we must have 4> a {y) = unless Voo(ay) > 1, and respectively 
Fa(v) = unless Voo(av) > 1. Moreover, if </>(z) (or F(w)) is a cusp form, 
then (f>o(y) = (and Fq(v) = respectively). By convention, we write 
<^a(y) = (respectively F a (v) = 0) when a ^ R. 

2.5.5. Depth 1. Let z = ( n i ) (or 2 = (jl) depending on whether we are on 
H? or Mi respectively), and w = ((f ^) , l) (or to = ((^f ) , l) 

depending on whether we are on H" or Hj respectively) denote our chosen 
coordinates as before, and let <p{z) be an automorphic function of depth 1 
on Hi, and F(w) a metaplectic function of depth 1 on Hi. Then reasoning 
as above, for both eft and F we have two Fourier expansions, for the upper 
and lower components, as follows: 

For z £ H" and w € H" we have; 

cp{z) = Y,<T 2 ax)cp u a {y) 
aeR 



F(w) = Y / e(T 2 au)F^v) 
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For z £ M\ and w € M\ we have; 

(j ) {w) = Y J z(T 2 ax)4> l a{y) 

a&R 

F(w) = Y,<T 2 au)F l a (v) 

We reason as before that 4^{y) and F^{y) are unless v OQ (ay) > 1 and 
v oa (av) > 1 respectively, and 4> l a {y) and F l a {v) are unless v OQ (ay) > 
and Voo(av) > respectively. Moreover, if (j)(z), or F(x), is cuspidal then 
4(V) = <Ao(y) = 0, and F "H = i^io) = 0. 

2.6. Petersson inner product. Given automorphic functions (f>i,(j>2 of 
level N and depth 0, we define the Petersson inner product of 4>\ and (p2 to 
be 

<h) = [r : ro(iv)]- 1 / &(*)^(i)dKz) 

Jr (7V)\H 

where d^(z) is the left invariant measure as defined in §2.41 

As in the number field case, this is a positive definite inner product with 
respect to which all the Hecke operators Tp (defined in the next section) for 
(P, N) = 1 are self-adjoint. We define the Petersson inner product for the 
other spaces of functions that we have introduced analogously, and note that 
because of the measure normalizations on Hi, the norm of a automorphic 
(or metaplectic) function is independent of its realization in H or in Hi, as 
an old vector (similarly for the metaplectic functions). 

2.7. Whittaker Functions and Hecke Operators. 

2.7.1. Whittaker Functions on H. In this section we define the analogue of 
the Laplacian on the space H. As there is no differential structure, we will 
define it as a convolution operator (the Hecke operator at oo). Specifically, 
we shall define A to be right convolution with the double coset 

PGL 2 {0 O0 ){^\)PGL 2 (0 O0 ) 

and we normalize it (as in the classical Hecke operators, where weight is 
taken to be 0) by dividing by p. Given an automorphic function <p(z) on H 
we can Fourier expand it as in §2.5.41 

H z ) = ^e.{ T2 ax)(i)a{y) 

aeR 

Then the action of the Laplacian operator A on (ft is realized by 
(7) 

A($(s) = p- 1 e(T 2 ax)4> a (yT) + P _1 E E e ^ 2 < x + 3V))<f>a {y^ 1 ) 

aeR. a&RjeF p 
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We will call automorphic functions <j) that are eigenfunctions of A, automor- 
phic forms. Now let <j) be an automorphic form with Laplacian eigenvalue 
Aoo,0- We are interested in the relation between the Fourier coefficients of <j) 
and the Fourier coefficients of A((f>). 

Lemma 2.5. Let xOoo denote the characteristic function of Ooq. Then, 

Aoo,0 4>a(y) = p~ x (j) a {yT) + xoov (ayT^cpaiyT- 1 ) 

Proof. By (|2.5.4|) we know that (p a (yT^ 1 ) = unless v QO (ay) > 0, and in this 
case the character sum over j in ([7]) vanishes iff v^ay) = 1. The statement 
now follows directly from ([7]). □ 

Since, for fixed a £ R, (ft a (y) depends only on v OCJ (y), we can determine 4> a (y) 
up to a constant using Lemma 12.51 We denote 4>i(T~ n ) by c(n). Then the 
c(n)'s satisfy the recursion 

Aoo,0 c(n) = -c(n - 1) + 5 n>2 c(n + 1) 
P 

and by g2331 c(n) = M T ~ n ) = when v 00 (T" n ) < 1, i.e. for n < 2. We 
write Aqo ^ as 

Aoc,^ 1/2 = e« + e-" 
wher^ e jfcl G C. We solve the 2-step recursion to get the following 

Lemma 2.6. For n > 2 

an) = — ^ 

an<i c(n) = for n < 2. 

Before we go on, we shall take a moment to motivate the definitions of Whit- 
taker functions to come. Recall that in the classical theory of automorphic 
forms one asks for automorphic forms to be eigenfunctions of certain dif- 
ferential operators (Hecke operators at oo so to speak), which in the case 
of GL(2) reduces to the Laplacian on the hyperbolic plane. This condi- 
tion (together with the invariance under the unipotent group) imposes the 
^a(y)' s t° satisfy a certain differential equations in the y- variable (Bessel's 
differential equation in the case of GL{2)) whose solutions are the Whit- 
taker functions, and we expand our automorphic forms in terms of these. 
In the case of a function field the role of the Laplacian is "replaced" (in 
a sense it was always the "Hecke operator" that we were interested in) by 
the Hecke operator defined above (in terms of the underlying graph this is 




It will turn out that 9 £ R but we do not use it here. 
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the classical discrete Laplacian, which is averaging over nearest neighbors of 
vertices), and this operator gives rise to difference equations instead of dif- 
ferential equations, whose solutions, given in Lemma 12.61 are (going to be) 
the Whittaker functions we will use to expand our automorphic functions. 
Note that while in the number field case the differential equation we get has 
two solutions and growth conditions at the cusp separate one solution out, 
in the function field case we are invariant under a much bigger group (more 
precisely the initial condition that c(n) = for n < 2, described in §2.5.41 
reduces the space of solutions by one dimension) on the right and so the 
growth conditions on the solutions follow for free. 

By the above paragraph, we define our Whittaker functions (of depth 0) 
by 



(8) W 0}ie (y) = { 







n-l 



s -ie 



n-l 



if Voo(y) < 2 
n = Voo(y) > 2 



The above analysis shows that there are constants XAa) such that 

H z ) = E h( a ) e ( aT2x ) w oA a y) 

We call A<i(a) the Fourier- Whittaker coefficients of (j>. 



2.7.2. Depth 1. To get a nice theory of Whittaker functions on Hi, we first 
have to restrict to those automorphic functions that are first appear in depth 
1. There are two injections 7Ti,7T2 from So(Tq(N)) into Si(Tq(N)) given 
by 

2)) 

where we Define Sf d (T (N)) to be the space spanned by the image of both 
7Ti and -K2- We define the space of 'new' cuspidal functions, Si ew (To(N)), to 
be the orthogonal complement to Sf ld (To(N)) with respect to the Petersson 
inner product. We mention that in the language of representation theory, 
these correspond to the representations of depth 1 at the infinite place. 

We also have a trace operator (which corresponds to summing over the fibers 
of the covering map Hi A H) given by 

tr : 5i(r (JV)) -)■ So(T (N)) 



tr(<£)(z ) 



zGHi 
p(z)=z 



The trace operator is the adjoint to the inclusion 7Ti and therefore annihilates 
is 



'(Tq{N)). The inverse image of ( 1 



H under the restriction map 

{(8?)}u{(»?v») | je¥ p } 
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Then since (f> G Si ew (To(N)) =^ ti(<f>) = 0, we get the following relation 
between the "upper" and "lower" Fourier coefficients of an automorphic 
function 4>{z) G S[ iew (T (N)); 

(9) <p u a (y) = -p^Mxo^a^y) Va G R, y G fc* /O* 

Taking the place of the Laplacian in this context is the Atkin-Lehner invo- 
lution at infinity Woo, which we define to be 

Note that K (^oo) (z ( T -i J)) Ko(^oo) = (z ( T -i J)) K (woo) so that Woo 
can still be considered as convolution with a double coset. 

Since J) 2 is the identity, Woo is indeed an involution. Moreover, 

ttiWoo = WooVT2 and Woo is self-adjoint for the Petersson inner product, 
so Woo preserves g" eu '(T (N)). We define a cuspidal form of depth 1 and 
level N to be a new cuspidal function of level iV which is furthermore an 
eigenfunction of Woo- Consider an automorphic form cft(z) of depth 1 with 
eigenvalue w,p t00 £ {±1} under Woo- By considering Fourier expansions we 
deduce that 

WoQ ^ l a {Ty) = 4> u a {y) 
Combining this with ([9]) we can solve the recursion for and get 

4> u a (y) = xo 00 («r 2 y)C(T- 2 )(A o^)^ (y) - 2 

where Xoo,<j) = ~ -yy e thus define our Whittaker functions of depth 1 

by 

(10) W 1 , Xoo Jy) = S Vaoiy>1 .X v ^- 2 

By the above analysis, we see that there are constants A^(a) such that for 

z G H?, 

= £We(^)Wi, Aoo >2/) 

aG-R 

As in the previous section we will refer to the A^(a) as the Fourier- Whittaker 
coefficients of eft. 

2.7.3. Hecke Operators on H. Given a monic polynomial P G R such that 
P and N are relatively prime, we associate to it a Hecke operator Tp that 
acts on So(ro(iV)) by the following formula 

t p (4>)(z) = ipr 1 £ 0((U)(^')) 

GH=P 
J mod _ff 

where G, H are monic, and z = ( g ^ ) as usual. 

As in the number field case these operators constitute a commuting family 
of normal operators, so they can be simultaneously diagonalised. We will be 
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interested in automorphic forms that are common eigenfunctions of all the 
Hecke operators. An automorphic form (ft G Sq(Tq(N)) that is a common 
eigenfunction of all Hecke operators Tp with (P, N) = 1 will be called a 
cuspidal Hecke eigenform. 

Let cj) he a Hecke eigenform and P G R a monic irreducible polynomial. 
Denote the eigenvalue of Tp on (ft by Ap^. Then we have 

\ P ,4<Kz) = T P {4>){z) = IP)" 1 4>{iz) 

7 

where the summation is over 7 G { oi)'(op)} with H £ R /PR, and 
z = ( 1 ) ■ Plugging this formula in the Fourier expansion of (ft gives 



(11) 

|P|Ap^e(T 2 a*)<A a (y) = £ e (p 2 a fct^'U (|)+^ e(T 2 a Px)0 a (Py) 

_ff mod P 

Note that when a ^ Pi? in the first sum on the right hand side of the equality 
in (jlip . the coefficient for a vanishes, since in that case e{-T 2 H/P) is a non- 
trivial character. Taking this into account and equating the e(T 2 ax)— Fourier 
coefficients in (jlip we end up with 

(12) A P >„(y) = 4> a p (|) + |P| _ Vf (Py) 

Note that specializing to a = 1, this relation implies that (ftp{y) = Xp^(fti{yP). 
Note also that for a Hecke eigenform (ft of level N, depth 0, for a G R if we 
denote the a'th Fourier- Whittaker coefficient of (ft by A^(a) then for any P 
relatively prime to aN, relation (fT2j) implies that A^(aP) = Ap^A^a). 



2.7.4. Depth 1. Now suppose that <ft(z) G Si(r (iV)) for some N G P. Then 
we define the Hecke operators Tp in the same way as before: 

T P ((ft)( 9 ) = \P\^ £ 

GP,=P 
Q mod PT 

where G, H are monic. If </>(.z) is an eigenfunction of T p with eigenvalue Ap^, 
then in the notation of ^2.5.51 this translates to: 

^€(y) = €p( ] f)+\Pr 1 ^(Py) 

and 

\ P ,A(y) = tip (|) + \p\-%(Py) 

Specializing to a = 1 we again get (ft P {y) = Ap^j(Py), for • = u or I. As in 
the previous section an automorphic form (ft G Si(Tq{N)) that is a common 
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eigenfunction of all the Hecke operators Tp with (P, N) = 1 will be called a 
cuspidal Hecke eigenform of depth 1. 



2.7.5. Whittaker functions on HI. For an F that is a metaplectic function of 
level N, depth 0, we define the Laplacian A on Mq(Tq(N)) to be right convo- 
lution of F with the characteristic function of the double coset i (6X2 (Coo)) ^ ^ 
A set of right coset representatives can be computed to be 



Woo 



1)l(SL 2 (O c 



a = 



Woo w^b \ 
Woo 1 ) ' J 



b G Ooo/m^Ooe 
h G (Ooo/WooOo, 



Voo 
Woo 



1 



To see the above, note that 



Ctf, = i 



1 b 
1 



Woo 

zv~ 



11,1), 



a = i 



(CiJjl'KTiJ.flflo 1 )) 



and 



The sign in comes from the fact that 



h \ I Woo o 



h- 1 Woo I ' I w 



(—h l w 00 ,w ^) 00 (-h ,—h 1 w 00 ) 00 (-h 1 ,za 



oo )oo 



Let i* 1 G M(Tq(N)). Carrying out the convolution we compute the action 
on the Fourier expansion of F to be 

^2 ^2e(T 2 a(u + vb))F a (T 2 v) 

b£Ooo/T~ 2 Ooo aeR 

+ ^ '^2(h,zD O0 ) O0 e(T 2 a(u + hTv))F a (v) 

h£(Ooo/T- 1 Ooo) x aeR 

+ (^00,^)00 ^2 a{T 2 au)F a (T 2 v) 

a£R 



A metaplectic function F that is an eigenfunction of A is called a metaplec- 
tic form. Now suppose F is a metaplectic form with eigenvalue Xoo,F- In 
computing the Fourier coefficient of e(T 2 au) the second sum on the RHS of 
(??) gives the sum 

(13) £ (h 

j ^00)00 

e(h-T 3 av)F a (v) 

he(Ooo/T-iOoo) x 
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F a {v) vanishes unless v^av) > 2, and if v oa {av) > 2 then the character 
e(h-T 3 av) vanishes and hence we're left with J2he(o oci /T- I o x ,)* 
0. If Voo(av) = 2 then (fl~3j) becomes a Gauss sum which determined by the 
square class of av. Since v G (k^) 2 this is the same as the square class of a. 

Hence CH) gives F a (v) ■ p 1 ^ 2 5 Voc (av)=2 ' ( a ) CT oo)oo- 

Equating Fourier coefficients we arrive at 
(14) 

^oo,FF a (v) = {w 00 ,y/v) 00 p 2 F a (T 2 v)xo 00 ( T2 av)+p 1/2 F a (v)5 Vx ( av ) =2 {a,m 00 ) 00 +(m 00 ,y/v) 00 F a (T 2 v) 

Let e* 7 be a complex number such that 

e i 7 + e -n =p -i Ao0jF 

Taking £ G {1, e, T" 1 , eT" 1 }, where e G F p is a non-square, we define the 
metaplectic Whittaker function (of depth 0) Wq^^v ) to be: 



e z7_ e -j 7 

else 



(e*7p-i)« - h - wo-oty-j-c ) ( e -*y p -i)» Woo( ^7) 



Solving the recursion (I14p starting from the fact that F a (v) = if Voo(av) < 
2, we see that there are constants Ap(a) such that F a (v) = Wo,i 7 (at>)(a, v 1 ^ 2 ) oc 
We call these the Fourier- Whittaker coefficients of F. 

2.7.6. Depth 1. We begin by defining the analogue of the Laplacian in this 
context. Let be right convolution with the characteristic function of 
the double coset 

t(ir„Ko)) (( ro ^ ,i) t(ir Ko)) 

A set of right coset representatives for the above is given by 



— TOcx) 1 



•1 



i G F. 



>} 



The effect of Woo on the upper and lower coordinates is given by 



o i/v^; 



if t = 



If i 7 is an eigenfunction of with eigenvalue Woo t F we see that 



(15) w^pF^v) = v^)oo e(Taiv)FZ(T- 



2 v) 
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and 

(16) w^fF^v) = (-) F:(v)e(T 3 aiv) + { Woo , ^)ooF l a {T 2 v) 

tew* VP/ 

Note that by section 12.5.51 we know that F™ (v) = for Voo(av) < 2 and 
F l a {v) = for Voo(av) < 1. Using these and the relations above we find that 
the eigenvalue Woa,F satisfies 

(!7) wlo,F = P 

Using these representatives it is an easy check to see that is self adjoint 
for the Petersson inner product. As before, there is an inclusion 

TTi :5 (f (iV),l)^5i(fo(iV),l) 

given by n(F)(g) := F(g). We define Sf d {f {N)) C Si(T (N)) to be the 
space spanned by the image of tt\ and o m . We denote the orthogonal 
complement of Sf d (f (N)) by Sf ew (f (N)). Each element of Sf ew (f (N)) 
is called a new cuspidal metaplectic function of level N. Since is self 
adjoint, it preserves the space of new cuspidal metaplectic functions of level 
N. 

We call a function F(z) G Si ew (To(N)) which is an eigenfunction of a 
new metaplectic form of level N . As before, we have the trace operator tr 
which is adjoint to tt\, which annihilates Si ew (To(N)), and thus for a new 
cuspidal metaplectic form F(z) we have 

F:(v) = -pF l a (v) XOao (aT 2 v). 
Combining this with equation (I16p we deduce that 

_^F F u {T 2 v) = {WoQ ^ )ooXOoo{av)F u {v) 

For £ G {l.e.r -1 ,^- 1 }, where e G F p is a non-square, we define Whittaker 
functions of depth 1 by 

where Xoo,F = — w °^i F ■ We define the Fourier- Whittaker coefficients Xf(cl) 
to be such that F£(v) = XF{a)(a,v l / 2 ) oa Wi^\ ao F {av). 

2.7.7. Heche operators on EL Recall the embedding rj : SL2{R) SLi2{k) 
given by 

*?((S5)) = ((25).«))- 
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Let P be a monic irreducible polynomial that is relatively prime to ND. We 
define the P 2 — metaplectic Hecke operator, T P 2, to be the left convolution 
of F with the characteristic function of the double coset 

l(To(iV))((VW;l) r,(T (N)). 
A set of left coset representatives for the double coset is given by: 

'»b={{ P o 1P p b )A) b€R/P 2 R 
< &=((S p "i lfc ).(W) he{R/PR)* 

U=((SA).i) 

We indicate the hardest case, Pick d,h £ R such Pd — hh = 1 and iV|/i. 
Then: 

^ = ^((-kS))-((V^).i)^(a5))- 

Carrying out the product using the cocycle we get that the sign of fih is 
(h,P)oc ■ (f ) which is (£) by lemmaEjZJ 

The effect of T P 2 on the Fourier coefficients of a metaplectic form F of level 
N, depth is: 

T P 2(F)(w) = (P,y/v) 00 Y,< T2a{ * P ~ 2u + hP ~ 2 )) F ^ P ~ 2v ) 

b£R/P 2 Ra£R 

+ E E + hP ' l )) F a{v) 

he(R/PR)* aeR ^ 7 

+ (P, v^)oo J] e(T 2 aP 2 n))F a (P 2 t;) 

a£R 

In evaluating the above we come up against the following Gauss sum modulo 

If P\a then G a (P) = J2heR (p) = °- Else > is a Gauss sum and 

depends on a through the quadratic character (J?)- Thus we can write 
G a (P) = «5 Pta (^)G 1 (P). 

We will call a metaplectic form F G Mo(ro(iV)) that is an eigenfunction of 
all the metaplectic Hecke operaors T P 2 for (P, iV) = 1, a metaplectic Hecke 
eigenform. Now suppose F is an eigenfunction of T P 2 with eigenvalue X P 2 p. 
Equating Fourier coefficients, we get 
(18) 

\ P 2 )F F a (v) = (P,^)oo|P| 2 Pap 2 (^~ 2 ^)+G'i(P)5p ta (I) F a (v)+(P, V^)ooF aP -2(P 2 v) 
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Observe that if a is relatively prime to P then 

X P 2 :F F a (v) = (P, V^)oc\P\ 2 F aP 2(P~ 2 v) + G 1 {P) (|) F a (v) 

2.7.8. Depth 1. We add this section for completeness as everything works 
the same as §2.7.41 Hecke operators are defined in the same way as above 
and their action is now calculated on the "upper" and "lower" Fourier coef- 
ficients separately. For F G Mi(Tq(N)) that is an eigenfunction of T P i with 
eigenvalue \pi p, the formula reads 

A p2jF F a » = (P, ^)oo\P?F: p2 (P-\)+G 1 {P)8 p ^ (|) F:(v)+F^ 2 (P 2 v) 
and 

\ P *, F F l a {v) = (P, ^)ooP\ 2 F l ap2 (P- 2 v) + G 1 (P)5 P]a (|) + F l aP . 2 (P 2 v) 

As in depth case, a metaplectic form F G Mi(ro(iV), 1) that is a common 
eigenfunction of all the metaplectic Hecke operators T P 2 for (P, N) = 1 will 
be called a metaplectic Hecke eigenform of depth 1. 



2.8. Non-monic Fourier Coefficients. We would like to only deal with 
Fourier coefficients Xp(D) where D is a monic polynomial. Every D G R 
can be decomposed as D = upD$ where Dq is monic and up, G F p . If 
up = a 2 for some a G F* , then since 

((S«^).i)((g?).i)(K I S).i) = ((gT),i) 

Xp(D) = Xp(Dq). Now, let up G F p be a non-square. We can extend our 
cocycle e(g,h) to g,h G GL2(k OQ ) by making the following definitions (See 

hdi,pp i5-i6). 

(1) p(g) := (U (g) )-g 

(2) For y G fcoo, G GL 2 {k 00 ), g y : = ( J det ° (g) ) 9 ( J det ° (g) 

(3) For y G fc^.g = G G ^{k^) defLnev (y,g) :-- 



1 c / 

(y,d)oo else 



(4) For y, h G GL2{k 00 ) we extend e by 

£(5,/!) :=e(p(j)W,p(/i))^(Q(A) ) s). 

Moreover, the cocycle has splittings over GL^iOy) and GL,2(R), extending 
t and 77, defined as follows: For g = ( " j , we set 



1 c = or c G O, 

(c, d • det(p))oo else 
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and for g G GL,2(R), 

^)=n(M-de%))„=f^M). 



v\c 



Define d UD :=((J„°J. For an element g £ SL 2 (k OQ ) define g UD : = d UD gd u ^ . 
Given an element F G Mi(Tq(N)) we define F UD via 

Fu D (j}) ■= F(g UD ). 

Since d UD G u{GL2{k O0 )) it follows that F UD is l(SL2(0 00 )) invariant on the 
right, and since d UD G rj(GL2(R)) it follows that F UD is n{SL2{R)) invariant 
on the left. Thus, we have the following 



Lemma 2.7. F UD G Mi(f (A)). 



Computing products as defined above, it is easy to verify that if g = 
((f l/v?) ' l ) then ^ = 3- (1» (-l)^^/ 2 ). 

Since the map F ^ F e anti-commutes with Aoo, it is easy to see that if 
F is a cuspidal metaplectic form then so is F UD , and moreover \p(D) = 
( — 1) L rfe s , («)/2J \ Fu ^ (upD). We can therefore restrict ourselves to studying 
monic Fourier coefficients. 



2.9. Atkin-Lehner Operators. 



2.9.1. Atkin-Lehner Operators on H. Let (f> be a Hecke eigenform in Mo(ro(iV)). 
For £ a ||iV, in analogy with the number field case we define the Atkin-Lehner 
involution W^a to be the following matrix 

Where a, b G R and f a b - aN = £ a . Then W^T Q {N)W ia = T (N) and 
Wf a G To (A). An important property of these operators it that Wga com- 
mutes with Hecke operators Tp for (P,N) = 1. Therefore if <p is also 
an eigenfunction of We<*, then denoting the eigenvalue of <ft by Wj>u j, we 
have 

4>(w ea z) = wt<*^ 4>{z) 

with W£a ^ (p(z) = ±1. 

2.10. L-functions of cuspidal automorphic forms. Let <p G Sq(T (N)) 
be a Hecke eigenform with the Laplacian eigenvalue Aqo^ = p~ l l 2 (e te +e~ %e ). 
We define the L-function of 4> by 

E i#- 

ar 

ae-R\{0} 1 1 
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As the A^(a) are the fourier coefficients of <f> , and <f> is bounded above as it 
is supported on finitely many T$(N) orbits, we have that A^,(a) is bounded 
above independently of a. Hence, L(s, <j)) converges absolutely in the region 
Re(s) > 1. 

As in the number field case, the L-function attached to (j) is, up to an explicit 
factor, the Mellin transform of (p. The purpose of this section is to explicitly 
derive this relation over function fields. Following p3] we define the Mellin 
transform of (j) to be 




where the multiplicative measure is normalized so that J^x d x y = 1. Note 
that since <f> is cuspidal the integral is supported only on finitely many points, 
and thus M<p{s) is a polynomial function of p~ s . 



Plugging in the Fourier expansion of eft we have 




For Re{s) > 2 the sum and integral converge absolutely. Interchanging the 
sum and integral and using the Hecke relations (see end of section 2.4.1) 
gives 




So we are left with the integral 



I = 




Now using (JSj) 




= P - 2s r k (s + 1/2 + i 7 )r fc ( s + 1/2 - » 7 ) 

Where 7 is such that e ld = p 11 . Hence the Mellin transform is 
(19) Mcj){s) = p- 2s T k (s + 1/2 + i 7 )r fc (s + 1/2 - ij)L(s, </>). 



It follows in particular that L(s, (j>) is a polynomial function of p s . 
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2.10.1. Depth 1. We now describe the Mellin transform of a (j> € S\(Tq(N)) 
which is a Hecke eigenform with the Laplacian eigenvalue Aqo^. We define 
the L-function of (j) to be 

L{s,<j>)= ^ — — 

ae-R\{0} 1 1 
Define the Mellin transform of f{z) by 

M0( S )= / ^((gS)))|»|'d x y 

Plugging in the Fourier expansion and proceeding as above, we arrive at 

M ^( s ) = Et£t/ W 1>Xoo Jy)\y\ s d*y 

\Oj\ I u x 
ae-R 11 Kaa 

Evaluating the integral yields 

(20) M<f>(s) = P 23 • L(s, cp) 

3. Lindelof Hypothesis for Families of L-functions 

In this section we clarify the role that the generalised Riemann hypothesis 
and Drinfeld's work play in obtaining the relevant L-function bounds for 
proving the metaplectic Ramanujan conjecture. We start with a smooth, 
projective, geometrically irreducible curve X over ¥ p of genus g. The zeta 
function attached to X is defined as follows: 

at,x)= n (i-t^y 1 

where w runs over closed points of X. This product converges and defines 
a holomorphic function on the open unit disc \t\ < -. Furthermore by the 
Riemann-Roch theorem there exists a degree 2g polynomial P(t, X) such 
that 

«*,*)-, P(t ' x) , 

' (l-()(l-yt) 

By the work of Weil on the Riemann hypothesis for curves we know that 
the zeroes of P(t,X) all lie on the circle S = {t \ \t\ = p -1 ^ 2 }. We see by 
the Riemann-Roch theorem again that X) satisfies a functional equa- 
tion relating it to Translated to P(t,X), this functional equation 
reads 



p (j r X ) =C(X)t- 2 °P(t,X). 



Where C(X) is the conductor of X and it related to the genus of the curve 
by C{X) = p g . We will be considering the size of the polynomial P(t, X) on 
the circle S when X is varying in a family T of smooth projective curves over 
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F p with increasing genus. We start with defining a special class of families 
of such curves. 

Definition. A family T of curves with increasing genus is called Lindelof 
if for e > 



as X varies in J- . 

The asymptotic behavior of M(X) depends heavily on the chosen family, 
and especially on the distribution of the zeroes of P(t,X). In particular we 
have the following Theorem: 

Theorem 3.1. A family T is Lindelof if and only if the zeros of P(t,X) 
become equidistributed with respect to the Haar measure on S as genus goes 
to infinity. 



M(X) := max{|P(t,X)| | t G S} 



satisfies 



M(x) = o e (c(xy) 



Proof. Let J 7 be a family of curves. For each curve X we have a Weil measure 

29(A) 




of P(t,X). Note that the set of roots is closed under complex conjugation, 
and hence 




Next, we observe that for t G S, 



log(P(t, X 3 )) = -L V log(l - p^a^t) = / log(l - wz)dfij(z) 




where we set w = p l / 2 t and S 1 is the unit circle. We thus deduce that the 
family T is Lindelof iff 



(21) 




We would now like to apply the outer limit to the measures Hj(z), but there 
is a slight technical annoyance coming from the fact that log(l — e ld ) is 
singular at 6 = 1. This can be addressed by a smoothing argument: For 
e > define 
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Then by equation ([2TT) it follows that for the family F to be Lindelof we 
must have 

(22) limsup / L € w (z)dfij(z) < 0. 

3 JS 1 

As L €)W (z) is continuous, we may now exchange the limit and integral to 
arrive at 



(23) / L £ , w (z)dfx(z) < 0. 

Js 1 

By [32] the measure fi can be written as F(9)d9 where z = e l9 and F{9) 
is a non-negative continuous probability function. It follows from this that 
the singularity of log(l — z) at z = 1 is integrable with respect to fi. Since 
equation (|23p holds for all e > we deduce that for F to be Lindelof we 
must have 



(24) / log(l - wz)dn(z) < 

Js 1 

Since 

limsup / log(l — wz)dfj,j(z) < / log(l — wz)dfi(z) 
j Js 1 Js 1 

equation [23] is actually equivalent to F being a Lindelof family. 

Since / log(l — wz)\dw\ = 0, equation ([23]) is actually equivalent to 

J\w\=pV a 
the stronger statement 

(25) / log(l - wz)dn = 

Js 1 

for all w E S . Now, since F(z) is continuous it is also in L 2 (5' 1 ) and thus has 
a Fourier expansion F(z) = ^2i m ^%F m e mz for {F m } £ / 2 (Z). Since log(l — z) 
is also in L 2 (S 1 ) we can write 

/ log(l — wz)dfj,x = / log(l — wz)F(z)d\z\ 
Js 1 Js 1 

_ 1 



m 



Since — & ^(Z), for >^ — — to be identically zero we must have F m = 

m ^-^ m 

for m 0, or equivalently that dfi is the usual Haar measure on S l . This 
completes the proof. 
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□ 



The following Lemma shows that not every family of curves is Lindelof, and 
thus being Lindelof is not a formal consequence of the Riemann hypothesis. 
We call the universal family the family consisting of all curves. 

Corollary 3.2. The universal family is not Lindelof. 

Proof. This follows from the work of Tsafman and Vladut and Serre |35j 
who showed that the family of modular curves Xq(N) over ¥ p has Weil 
measures converging to the p-adic Plancherel measure fi p , and thus is not 



The distribution of zeroes for a curve X is related to the number of rational 
points of X by 



As all the Weil measures are invariant under z — > z the above relation 
combined with Theorem 13.11 implies that for a family to be Lindelof, it is 
neccessary and sufficient that the number of rational points grows slower 
than the genus, i.e. Vr G N, |X(F p r)| = o r (g(X)). 

Definition. The gonality, G(X), of a curve X is the minimal degree of a 
morphism from X to P* F . 

Because of the inequality |X(F p r)| < G(X)(p r + 1), we immediately deduce 
the following theorem. 

Theorem 3.3. A family T is Lindelof if we have G(X) = o{g{X)) as X 
varies over T . 

The authors have been noted that this result has also appeared in ([9], 
proposition 5.1) for the case of hyperelliptic curves, and in [36] in the general 
case. 

We now specialize to the case of hyperelliptic curves Xp, which are by 
definition those algebraic curves with gonality 2. These are obtained by 
adjoining ^/~D to the function field F p (T) for a square-free polynomial D. 
Define the L-function L(s,xd) as follows: 



Lindelof. 



□ 



X{¥ p r)\=f + l-fl* £ c? x . 



i=i 
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Then we have the identity 

P( P ~ s ,X d ) = L(s,xd). 

As hyperelliptic curves have gonality 2, the family is Lindeldf, but we can 
actually do better for this family of curves. The following explicit bound is 
the analogue of a result of Littlewood [23] in the number field case, and we 
follow very closely a simplified proof of Soundararajan, |34j . 



Theorem 3.4. Let D be a polynomial of degree 2g or 2g + 1. Then 

i i 



2<L- 11 



\L(1/2, X d)\ <e lo M« 

Proof. We begin with some notation. Let g = go be the genus of the curve 
Xd, so that depending on the parity of deg(-D), \D\ = p 2g or p 2g+1 . We 
also define p _1//2 aj, 1 < i < 2g to be the roots of P(t, Xd). By the Riemann 
hypothesis for curves we know that \a,i\ = 1, and since L(s,xd) is real on 
the real line, the set of a, is closed under inversion. Taking the logarithmic 
derivative of L(s, xd) gives 

u f 29 l \ 

T {s,XD)=log(p) -2g + Y, r- 



Define 



so that 



F(s)=Y&( -) 



(26) ^(s,XD) = log(p)(-g + F(s)). 

Let so be a real number such that sq > ^. Integrating the above from ^ to 
so and taking real parts gives 
(27) 

log|L(l/2, X z))|-log|L(s , XD )| =g]og(p) (s -^\-log(p)J2 [ °» - ^ 

To control the second term on the right hand side, we have the following 
lemma: 

Lemma 3.5. Let 8, < t < 1 be real numbers. Then 

V, 1 iU> 2 .l±iL;V 1 



-Us. 







1 - e~ s ~ ie 2 ~ 1 - e~* VI- e~ l ~ ie 2 



Proof. Computing the integral on the left hand side, we arrive at 

t n-e-t-ti 

+ Klog 



2 V 1 
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Using that 3?(log(z)) = log \z\, we see the expression above equals: 



* 1 
— I — ■ log 
2 2 6 



1 -2cos(0)e _ * + e' 



-2/ 



2 - 2cos((9) 



2 -log 



e* - 2 cos(6>) + e" 



log 



1 + 



2cos(6>) 
2 



e'+e 1 
2 - 2cos(0) 



Now using the inequality log(l + x) > -^-^ for x > 0, we have that 

1 - 2e~* + e~ 2i 



log 



1 + 



e* + e~ 4 - 2 



2 - 2cos(6>) 



> 



1 - 2e~* cos(6>) + e 



-2/ 



1 



1 



-2t 



l + e~* V 1 -2e"*cos(6l) + e- 2i 
l + e-* I ll-e-'-'V 2 



□ 



Using equation (|27|) and lemma 13.51 gives 
(28) 



log 



( 2>XD 



■log|L(s ,X£))l < fflog(p) s 



1 + p~- 



SO 



1 — pi 



■F(s ) 



Define /i = \log p (g)] . 
Next, for 3?(s) > we compute 
1 



— p(s + «;,Xi3)7i : 



«A2 



in two different ways: 
First by expanding into 



L 



neN 



pTLS 



and integrating term by term, and second by analytically continuing to the 
left and picking up the residues. Note that there are double poles at w = 0, 
as well as single poles at the values of w for which p s+w = aip^ . We end up 
with the relation 



iog(p) 2 J2 



0<n<h 



X D (n)log(p h ~ n ) 



V 



hlog 1 (p) — (s,xd) +log 2 (p) ( y(s,XD) ) +^ 



L' 



L 



i=l 



,1 - a, V 
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We integrate the above from sq to oo , take real parts and multiply by 
log(p) 2 to get 



ZilogO) log|L(s ,X£>) 



L' . , , f v_i A D (n)log(/-") 

( S0 ,XD)+log(p) ^ 

0<n<h y 



L 



2g 



+ log(p) 2 ^/ K 
i=i " 7so 



) h afV~ 3 



(l-a-V-5)2 



Lemma 3.6. For s > sq > \ we have the inequality 



ds 



log(p) 



a, V 2 



(l-ary- 5 )2 



1 



1 - Ojp2" 



1 



1 - 



Proof. We first prove the first inequality: set y = p s 2 and a* = e ' . Using 
= the inequality in the lemma rearranges to 



y 



(1 - t^y) 2 



< 



y - cos(gj 
log(y) h-ar 1 



which is true since 



for y > 1. 



log(y) < y - 1 < y - cos( 



To see the second inequality, set y = Kaj so that \y\ < 1 and set F(x) = 
x^ 1 • 1 _2 y ^-x +e ~-2x ■ Then setting x = log(p) • (s — \) the claim amounts to 
proving that F{x) is decreasing in the range x > 0. Taking the derivative, 
we see 

e~t(e 3t + e* (1 + 2s 2 - 2t) + e 2t (-3s + si) + a(-l + i)) 



4t 2 (s-cosh(t)) 2 



We need to show that < 0, or equivalently that W s (t) := e t(e 3t + 

e*(l + 2s 2 - 2t) + e 2 *(-3s + st) + s(-l + t)) > is positive. Differentiating 
with respect to t we see that W' s {t) = e~*(-l + e 2t )(2e* + s(-2 + £)) which 
is clearly positive as t > and s < 1. Finally, W s (0) = 2(s — l) 2 > 0. This 
completes the proof. 



□ 
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The above lemma implies 



(1 - ^2-^ 
-l 



ds 



1 



5? 



1 



1 - aip- 



\p h ^ 2 -^\ds 



so that 



Iog|L( fl0 ,Xu)| < -/i~ 1 log(p)- 1 ^( So ) + ^ 1 log(p)- 2 ^ 



Ajj(n) log(p h - n ) 



0<n</i 



rap 



+ /i- 2 log(p)- 1 U " F( S0 )/ (1/2 - S0) 



-i 



Adding this to (|28j) and using (|26j) we get 



log |L(l/2, X d)| < g (log(p) (s - ij + /TM + 



+ ^ 0) f ^-r V(i/2 ^ o) -2. i+ ^ 1 



+ /i- 1 log(p)- 2 £ 



/i 2 log(p) 1 - pt 

A£>(n) log(p ,l_n ) 



0<n<h 



np 



Taking sq = % + feiogfal ensures the coefficient of F(sq) is negative. Since 
F(sq) > 0, we arrive at 

(29) log |L(l/2, «,)|<| + fc-' log W - £ ""'"y "' 



0<n</i 



We need to estimate | Az?(n) | . We have the product formula 

where the product is over all monic irreducible polynomials P € IFpPT 
Therefore 

^(s,xd) = Y,Y,x n D( p )p~ ndcg{p)s - 

P n>l 



Thus 



X D (n) = J2 E X n D (P) < n#{P \deg(P) = 71} <np n . 

d\n deg(P)=d 
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Using this and sq > \ we arrive at 

■ < i . . 2q h 2q 11 

log L 1/2, < -^ + 4p2 < - — ^ + 4 P 2 9 2. 

Exponentiating implies the result. 

□ 

We will also bound L(l, xd) as it will come up for us as a normalizing coeffi- 
cient in the Siegel mass formula. We point out that in the number field case, 
the ineffectivity of Theorem 11.71 is due to the ineffectivity of the bound on 
L(l, xd) that is caused by a possible Siegel zero. Since in the function field 
setting Riemann hypothesis eliminates all the possible Siegel zeroes we get 
an effective bound. The following is the analogue of a result of Littlewood 
over O. 



Lemma 3.7. Let D be a square-free polynomial of degree 2g or 2g-\-l. Then 

(iog P G?)r 3 « P \L(1, X d)\ « p (iog P G?)) 3 

Proof. We start with the identity 

1 29 

log(L(l, xd)) = ~ — a i 



reN rp2 i=l 



where p za>i are the roots of L(s,xd) as above. Since \ai\ = 1 we have the 



bound 



< 2g. Also, since the hyper elliptic family under consider- 
ation has gonality 2, we know that 

2(p r + 1) = 2¥ 1 (¥ pr ) > \X D (¥ p r)\ = p r + 1 - p ^a r l 



i=l 



so we have the bound 



Yld=i a l I — 3(p 2 +P 2 )- We can thus write 



|log(L(l, X D))| <0(1)+ E l +2 9 E ^ r/2 <O p (l)+31oglog p ( 5 ) 

l<r<21og p ( S ) r 21og p (g)<r 

The Lemma then follows by exponentiating the above. □ 

We will also need to study the degree 2 L-functions 

L(s,4>x X d)= E X <f>( a )XD{a)\a\- s 

a£¥p[T] 
(a,D)=l 

where <p is an automorphic Hecke eigenform of level N. By Drinfeld's work 
[5] on the Langlands conjectures for GL{2) and Deligne's proof of the Weil 
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conjectures [1], this is a polynomial of degree at most DN in p s which 
only has roots on the line |. It also follows that |A^(P)| < 2|P|5 for every 
monic irreducible polynomial P. Define by expanding the logarithmic 
derivative 

L' . ^ P<l>,D{n) 

nSN y 

Using the product formula we have the bound |/3<a £>(n)| < 2np n log(p). Then 
repeating the proof of Theorem 13.41 we arrive at the following analogue: 



Theorem 3.8. Let D be a polynomial of degree 2g or 2g + 1. Then 



\L(l/2,(/) x X d)\ < e^o> 



29 - 1 1 



We conclude this section by mentioning that the above is not limited to 
the specific family of GL2 forms that we are considering. In particular, 
let J- a ut denote the family of unitary cuspidal automorphic representations 
of GL(n) for a fixed n. Now consider the family of standard L-functions, 
T := {L(s,tt) I 7r G F au t} attached to each member of T au t- We sketch an 
analytic argument proving that the family T is Lindelof. 



Ayr (a) 



Let L(s, 7r) G F be given by 

The L-function L(s, 7r) also factors as L(s, tt) = JT ^(s, 7r) where each local 
factor is given by 



i=i v 11/ 



where some of the f3 n> i(v) could vanish if ir is ramified at v. Since we are 
fixing the dimension of the underlying group, n, and considering only the 
standard L-functions, by the unitarity of 7r's there is a t > such that 
the L-functions L(s,ir) all converge for 3?(s) > t. Then we see that each 
eigenvalue uniformly satisfies the upper bound 1/3^(^)1 < |i>|*. Hence the 
coefficients A^a) satisfy 

(30) \K(a)\ < n\a\* 

We now follow the argument in the proof of Theorem 13.41 By the work 
of Lafforgue and Deligne [24], the zeroes of L(s,ir) are all on the critical 
line = \. The non-zero moments of the zeroes are controlled by the 
coefficients A vr (a) and are thus bounded by ([30j) . The zeroes are therefore 
equidistributed, and the Lindelof bound follows as before. 
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4. Shimura Correspondence and Niwa's Lemma 



The goal of this and the following section is to prove a "Waldspurger type 
formula" relating the Fourier-Whittaker coefficients of a metaplectic form to 
the central values of the twisted L- function of its Shimura lift. Our method 
of proof will follow Katok-Sarnak |17j . 

4.1. Siegel Theta Functions for function fields. In this section we will 
define the theta functions that will be used to define the theta lifts. We start 
with some notation. Let V be the three dimensional vector space (h\, h,2, h%) 
over koo, Q the quadratic form Q(h) = h\ — Ahih^, and B(-, •) its associated 
billinear form. Define Oy to be the Oqo lattice {h±, /12, /13} G 0^, and L to 
be the R lattice {h±, ti2, /13} G (TR) S . Recall that we write w symbolically 

for the element f i/^/sj J > ^) ■ We a ^ so no ^ e that throughout this section, 
we will use the symmetric space coordinates z on HI (or on Hi ) and the group 
variable g G PGL2(k OQ ) interchangeably. Finally, as in the number field case, 
we let PGL2{k O0 ) act on V via the isomorphism with the orthogonal group. 
Namely, 

9{{l s k))=^r 1 - 9 (^2t)9 t - 

For convenience, we defie the function r : k^ — > ±{1} by t(x) = (zDaQi%)oo • 
We define the Siegel theta function of level 0, depth 0, to be 



Q(w;g) =T{^)\v\V A ^e{Q{h)u) X o v {^g-\h)) 
heL 

where w £ M and g € PGL2(k 00 ). As Oy is invariant under the action 
of PGLi2{0 00 ), Q(w;g) descends to a function on i x i. Also, in the g- 
variable @ is evidently left invariant under the action of the full modular 
group PGLi2{R). In the u>-variable it is an element of Mq(T) by Lemma 

EH 

We will need more general classes of theta functions to get our lifts. To de- 
fine them, first let D be a square-free polynomial of even degree, such that 
D G • For a quadratic form Q over R such that D \ disc(Q), define 

Wd(Q), as in Kohnen [20] as follows: 



Definition. If for all v G Oy, Q(v) is not relatively prime to D then 
Wd{Q) = 0. Else, pick a vector vq such that (Q(vq),D) = 1, and define 

Wd(Q) = ■ Note that this definition is independent of vq. 



Identifying h with the quadratic form h\X 2 + h2XY + h%Y 2 , we can speak 
meaningfully of Wr>(h). 



METAPLECTIC RAMANUJAN CONJECTURE OVER FUNCTION FIELDS WITH APPLICATIONS TO QUADRATIC FO 

We then define 



@d(w; 9 ) =t(^)M 3/4 E W D (h)e(Q(h)u/D)xo v (V^9- 1 (h)/VD) 

D\Q(h) 

As before, it is clear 0£> descends to a function onlxi and is invariant 
under the action of the full modular group in the g-variable. The fact that 
®d( w \9) is an element of Mq(T) in the u>-variable follows from Lemma 

\EM 

As we will be working over a general congruence subgroup ro(-/V), we will 
need the analogue of 0£>(ui; <?) for arbitrary level N that is relatively prime 
to D. Let N E R such that gcd(A r , R) = 1, and define the Siegel theta 
function of level N, depth 0, to be: 



Q%(w } g) = r(^)\v\ 3/i £ W D {h)e{{hl-Ah l h- i )u/D) X o v {^\h)/^D) 

h&L,h 1 £TNR 
D\dek(h) 

As before 0^ defines a function on HI x HI. Note that 0^ is invariant under 
the congruence subgroup Tq(N) in the g- variable. The same argument in 
Lemma IA. 101 and an appropriate choice of functions at various completions 
yield @p(w;g) 6 Mo(Tq(N)) in the w-variable. More specifically, in the 
notation of §A.3.1[ one chooses 4> w for all w such that v w (N) > to be 

<Pw(hi,h 2 ,h 3 ) = XL w {N~ 1 h 1 ,h 2 ,h 3 ) 

where L w := L ®r O w and \L W denotes the characteristic function of 
L w . 



4.1.1. Depth 1. We shall also need a Siegel theta function to transfer depth 
1 forms. Taking our cue from the adelic description, define Oy,i to be 

the lattice Oy,i := j/i = (hi,h2,h 3 ) 

4>oo(v) = xo v A v )' This y ields 



(Th 1 ,h 2 ,h 3 ) eO^J. We then pick 



h£L,D\det(h) 
hiENTR 



Then 0^, 1 descends to a function on Hi xHi, that it is invariant under Tq(N) 
in the g- variable, and once again using the same arguments in Lemma lA. 101 
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we see that it is an element of Mi(Tq(N)) in the w-variable. Note that the 
above Fourier expansion in the w- variable is valid only on H" x Hi. 

4.2. Maass-Shintani lift. Let D,N G R, gcd(D,N) = 1 be as above. 
We will use Op(w;g) as a kernel against which we integrate cuspidal auto- 
morphic forms and cuspidal metaplectic forms to go from one space to the 
other. As in jTT], for a given cuspidal automorphic form 4>(g) G S(Tq(N)), 
we define its D'th Maass-Shintani lift F^ D \w) to be the metaplectic function 
given by 

FW(w)= [ <f>(g)@%(w;g)dg. 
Jr (N)\m 

Similarly, if (f>(g) G S , i(r (iV) we define its D'th Maass-Shintani lift F^(w) 
to be the metaplectic function given by 

FW(w)= [ 4(g) g)dg. 
Jr Q (N)\m 

Our main result for this section is: 



Theorem 4.1. Let 4>(g) be a cuspidal automorphic form of level N , depth 
or 1, and for D G R, gcd(J5, N) = 1, F^ D \w) be its D'th Maass-Shintani 
lift. Then F^ is a cuspidal metaplectic form, and we have the following 
identity: 



\ F ID)(D) = < 



Where N = YYiLi ^ s the prime factorization of N , Wf 
values of (p under the Atkin-Lehner involutions, and 

-3/2 

a* 



CiGx{D)\D\-*l*L{\/2 t d> x xd) UT=i (l + (> 
C7^ 1 ( J D)| J Dr 3 / 4 L(l/2, 4> x xd) UT=i U + (¥) v>fi* J (1 + 



are the eigen- 



depth 



1 e-i<> \ _ e*» > 

depth 1 case 



K. P+Woo,cj> 

where Xoo,<j> = p~ l ^ 2 {e %e + e~ %e ) is the Laplacian eigenvalue of 4> in the depth 
case, and is the eigenvalue of (ft under the Atkin-Lehner involution 

Woo in the depth 1 case. 



if (j) is of depth 
if 4> is of depth 1 



Proof. The cuspidality follows Corollary 15.6 of For the statement of 
the lemma we only need the D'th Fourier coefficient of F^ D \ For simplicity, 
we first do the case of N — 1. Since F^~^ is left-invariant under Too — 
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{(o i ) I a £ we can recover its Fourier coefficients as follows: 



Fg\v) = ^(T^O^y 1 [ F^(w)e(-DT 2 u)du 

= r(v)\v\ 3 ^ [ <j>{g) V W D (h)xo v (TV^9~Hh)/y/D)dg 
JT\m - , 

x heT~ 1 L,Q{h)=D 2 

= r{v)\vf i Y^W D {h j ) [ <j>{g)xo v {T^g-\tij)/^D)dg 

Where the last step is obtained by unfolding the integral, and hj is a set 
of representatives for the action of PGL/2(R) on vectors with norm D 2 . A 

complete such set of representatives is [hj = (0,D,j) | j G R/Dr}. Note 
Wn{hj) = We define gj to be the element Q i\ so that gj 1 (hj) = 

ho. Denoting the summand in the above sum corresponding to hj by and 
making a change of coordinates we have 

I,=r(v)\v\ 3 ^ (±\ jj{ g] g) XOv {T^g-\h )/VD)dg 

For g = (oi)j we have <? _1 (/io) = (0, D,—Dx/y), so we can rewrite the 
integral as follows 

I j = r(v)\v\ 3 / 4 (^] [ <P( gj g)xo ac (TxV^D/y)xo 00 (TV^D)dx^ 



u J Jm y 



T(v)\vf\ 0oo (TV^D) (±\ f Y / < T2a j/ D )h( a WoM^y)^ T2x )xo x (TxV^D/y))dx^ 
p-'riv^Dr^xo^vD) \v\ 1 ' 4 [ ^e(T 2 aj/D)\4a)W 0tie (ay)xo ao (Tay/V^D)d >< y 

p-^vm-^xo^vD) (L\ \ v \V4 [ Y,<T 2 aj/D)\ (i> {a)W ,e{y)xo aa {Ty/V^D)d*y 



where the third equality follows by evaluating the integral over x, and the 
fourth equality is the change of variables y — > 

We now want to interchange the sum and integral signs, but unfortunately 
the sum is not absolutely convergent in the 4th equation. To get around 
this problem, we introduce the complex variable s and define 

Ij(s) -r^p-^D^xo^vD) (±\ | w |i/4 / Y,<T 2 aj/D)^W^e{ay)xo oa {Tay/V^D)d 

V / Jk£, aeR 
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Note that 1/(0) = Ij, and Ij(s) is analytic in s. Now, for Re(s) » 0, the 
sum is absolutely convergent, so we can write: 

1,(3) = T(v)p~ 1 \D\- 1 / 2 x 0oo (T 2 vD) (L\ | v |i/4^ e(T 2 ai/jD) M^) f WoMvfro^Ty/yfiDWy 

V / al - R \ a \ JkSo 

Since (T 2 -uD) vanishes for v 00 {vD') < 2, we restrict to v such that 
Vao(vD) > 2. It follows that Voo (Ty/V^D) < t>oo(l/)-2, so that XO^Ty/y/vD) ^ 
only if Voo(y) > 2. Since by equation (jSJ) Wo,ie(y) / only if Vco(y) > 2, 
we get 



„ oo 

x W ,ie(y)xo aa (Ty/V^D)d x y= ^ W 0| w(T- n ) 
Evaluating the sum yields 



n=^oo(AA^D)+l 



2-M 



p 2 / e e 



A/0 „-iM0 



where M = Voo(V vD). This multiplied by xo^ {T 2 vD)\v\ 1 ^ is easily seen 
to be \D\~ 1 ^C ( / ) Wo^e(Dv). Adding up the Ij and using the fact that 



£ (i)<T>a j /D) = G 1 (D)(^ 



j mod D 

we arrive at 

£/;(*) = Gi(Z?)|Z?r 3 / 4 L(l/2 + x XD)%(^)Cf 
i 

Continuing analytically to s = 0, we get 

A F[D j(D)W ,tf(i*;) = 4%) = Gi(D)|D|- 3 / 4 L(l/2,0 x 
and so 

A F[D] ( J D) = C^G?i(D)|D|- 3 / 4 L(l/2,0 x X r>) 

as desired. 

We now say a few words about the case of general level N. Repeating the 
above calculation, we arrive at 

FM(v)=T(v)\v\ 3 /*J2W D (fy [ MX0v{Tyfrg-\fy/VD)dg 

3, t JM 
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Where now h\ is a set of representatives for the action of Tq(N) on vectors 
/ii,/i2,/i3 with determinant D 2 such that N\h\. The set of such forms is 
given by 

[h] = W t h 3 | hj = (0, D,j),j e R/DR} 

and Wt varies over the Atkin-Lehner involutions of Tq(N). A proof of this 
can be found in [2] pg.29 (Biro proves the statment for Z and the proof 
carries through verbatim to our setting.). It is easily seen that 

W D (h)) = {i)W D (hj), and so 

F^(v)=t(v)\v\ 3 ^Wd(^) [ <l>{g)xo v {T^g- l {h))/^D)d9 
j, t 

3/4' 



T[V) V 



E^(^)E (i) J m <l>(Wtg)xo v (TV^9-\h j )/VD)dg 

r(v)\v\wf[ (l+ (J) X>^') Jj{g)xo v {T^g-\h 3 )I^D)dg 



the calculation then proceeds as before and the main result follows. □ 

4.2.1. Depth 1. For 4>(g) £ 5i(ro(A r )) a cuspidal automorphic form of level 
iV, depth 1, we proceed as above to get 

F [ ° ] ' u (v) = ^(T" 1 ^)" 1 / F^' u (w)e(-DT 2 u)du 

= [ Hg) V, W D {h) X o vx {T^g- l {h)/sfD)dg 

v n h6-R 3 ,det(/i)=D 2 

= V«) / mXOyAT^g-^h^/^dg 
77 -/Hi 



where the /i*- are as before. Now, since the Atkin Lehner involution 
preserves Oy,i, we can restrict to the integral over the upper component 
: 

(31) 

F [ ° ] > u {v) = {l + w 00 ^)Y J W D {h t j ) [ mXOy^T^g^^/^dg 

j, t i 

We can now proceed as before except that the Whittaker function is differ- 
ent. The result follows as before from the following identity, which amounts 
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to evaluating a geometric series as before: 
(vj^v^I^Dv^xo^vD) [ W 1 , 6 (y) X o 00 (Ty/V^D)d*y 



where = -w^^p 3 / 2 . 

4.3. Niwa's Lemma. In [38] it is shown how to construct a holomorphic 
modular form of integral weight starting from a holomorphic modular form 
of half integral weight. The method that Shimura uses to show that the 
resulting function is a modular form is the converse Theorem of Weil. Later 
after Shintani's [39] proof of the "reverse" correspondence (which was stud- 
ied earlier by Maass [25J in certain specific cases), Niwa [31] gave a more 
direct proof of Shimura's result by using theta functions. In [17] the result is 
generalized to the non-holomorphic case following the methods of Niwa. In 
this section, we generalize this approach to the function field setting. 

For F a cuspidal metaplectic form (of depth or 1), let the Fourier- Whittaker 
expansion of F be given by 



F(w) 



Y,i£R Ml) % M , F (v)e(T 2 lu) if F is of depth 
Eiefl A£(0 Wi, W (v)<T 2 lu) if F is of depth 1 



Now suppose F is of level ./V and let D € R be a square-free polynomial that 
is relatively prime to N. We define the L-function L(s, F, D) by 



L(s,F,D) 



EieR^P if F is of depth 

A«(DZ 2 ) 



Ezefl ^ F is of de P th 1 

For such a D, we define the L>'th Shimura lift of F as follows: 

Definition (D'th Shimura lift). Let F(w) be a cuspidal metaplectic form of 
level N ( and of depth or 1) and D S R a square-free polynomial. Define 
the D'th Shimura lift <f>{g) of F by: 



I _ F(w)Q%(w; g)dw if F is of depth 
Jr (N)\w 

F(w)@q 1 (w;g)dw if F is of depth 1 



The main result of this section is the following theorem. 
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Theorem 4.2. LetF{w) G S% ew {T Q {N)) orSf eu '{T (N)) be a cupidal meta- 
plectic form and D a square-free polynomial which is relatively prime to N. 
Let 4>{g) be the D'th Shimura lift of F(w). Then we have the following 
equalities of L-functions: 

( P~ 1/2 L N (1 + s, X d)\D\V 4 L(s - 1/2, F,D) if F is of depth 

I X °°';iT' 2 L N {l + s, xd)\D\V 4 L(s - 1/2, F, D) if F zs of depth 1 

Where L n (s,xd) = U ( 1 " tII ) • 

For clarity of exposition and convenience of the reader, we will first prove 
Niwa's Lemma for the case N = 1 and forms unramified at infinity, and 
then outline the necessary modifications for the general level and ramifica- 
tion. 

Proof. During the proof unless otherwise stated we will use (as usual) 

w = (u,v) = ((f ^),i)ei 

Case of N=D=1, depth 

We will calculate the Mellin transform of 4> and show that it is the Mellin 
transform of the form in the Theorem. 



'r\H 

The theta function factors as: 



M4>(s)= I4>(0,y)\y\ s d*y 

[If F( W )eKMS \y\>d*y 
Jk* Wr\H \v\ 2 ) 



e(w,(0,y))=r(v)\v\ 1 ^ ^ e{uh 2 ) XOoo {vh 2 2 ) x\v\ 1 ' 2 £ eC-^^^XO, (— **) XO^yh 



h 2 eTR h lt h 3 eTR 



= @(w)9 2 (w,y) 

We now use Poisson summation in the /13 variable in order to separate the 
hi and h% variables in 6 2 . Define 

/(«) = e ( _4/l i ua )xCoo (— XOoviVvyhi) 
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The Fourier transform of / is 
/OS) = f f(a)e(pa)da 

Y {Vvyhi) [ e{-Ahiua + aP)xo oa ( — a J da 



hiGTR 



y(—4hiu + P)a\ \y\da 



y\ /-/-!.<» f y(-4hiu + p) 



1^1 ftie r« 



By Poisson summation we get 



#20,y) = |y| X] xooo(V"yfci)xooo ( — 4fel " + /t3 M 



hxfo&TR 



Define 7 = J* fc x #2(^1 y)\y\ s d x y. Then 



Let a= ( 4fel "- fe3)y , then 



/= e 14/;;, _ h3l ^ l *°- [ji^) ^'°)i°i ,+irfx ° 



|„|(.+l)/2 f ^ .„ft ia 



hi,h 3 eTR 



14/1 

hi,h 3 £TR 



L ^ ^00 =A then 



■/o oo \{0} \4:h lU -h 3 J r An iJo* 

xl J j=max{— A,0| 

= r fc ( s + i) P min ^ » s+1 ) 
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So we get 

hl MeTR^ u - h3 \ + 

r r ,u V" M (a+1)/2 • f \4h 1 u-h 3 \ a + 1 
= rfc(5 + 1) ^ \4h lU -h 3 \^ mm { \v hl \^ A 

hi ,h,3£TR 

= r fe (s + l) 2^ m a x{|u/i 1 |,|/iin + /i 3 |V+ 1 

r fc (s + i)c fc (s + i) 



p s+l 



-E(w, (s + l)/2) 



Where the Eisenstein series is defined as in the usual way 

E(w,s) = ImOywY = n — tttoT- 

^ ^ max\\cv\,\cu + d\} 2s 

(c,d)=l 

This is absolutely convergent for Re(s) > 1 and evidently left-invariant by 
f. 

Putting things together we have 

(32) M^) = rfc(s + 1 ]^ + 1) f FWeR %(s + l)/2)" 

P + Jr\m M 



Define J = J f ^F(w)e(w)E(w, (a + l)/2)^. Then 



J= / F(w)e(w)E(w, (s + l)/2) 



dudv 



'r\H M 2 

/" FHeHM (s+1)/2 ^ 



where the second equality is obtained by unfolding the Eisenstein series.. 



J= / _F(u;)9(u;)|-i;| (s 
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The inner integral over u vanishes unless o = I 2 , so we get 



P 



s+1 / 2 r k ( s - 1/2 + iOr k ( s - 1/2 - ^)r- x (i + s)l( s - 1/2, f) 



Where = e* 7 . 
Plugging J back in we get, 

M<t>{s) = p-^-^Us + l)Y k {s - 1/2 + iOr k (s - 1/2 - iOHs - 1/2, F) 

which completes the proof in the case N = D = 1 and depth 0. 

Case of N=D=1, depth 1 We first introduce the following modified Eisen- 
stein series on Hi: 

Ei(w,s) := I m (l w ( i 

7eroo\r 

(We note that since °) K (woo) <A C S L 2 (0 oo) we see that 

E±(w, s) is well defined and of depth 1.) 

Let F(w) be a newform of depth 1, and define 4>(z) to be its Shimura lift. 
Then following the above computations replacing @(w;g) by Qi(w;g) we 
arrive at the following analogue of (|32|) : 



(33) 

, , , / n F k (s + l)C k (s + 1) s+i f N — — - , dudv 

M( p s = igi / _ FWeW^i i», (a + 1 )/2 )- nr 

Define J = F(w)&(w)Ei(w, (s + l)/2)^j*2. Then 

= — / F( w )ew^ +1 »/ 2 H< S+1 )/ 2 ^ 
p + Uf^i" M 2 
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Using the fact that F l a (v) = — , we Fourier expand as before and get 
the following: 

J = ^t(^ -p^EM* / M s/2 - 1/4 ^,w(,)^ 

P+ 1 fli \ l \ 7 i*r-io co \{o} 



1 i±£ r _i,. , v r , 1 ^ Xoo,FP 1/2 ~ S 



Plugging this expression back into (|33l) . we get 



\ _ 1/2 1 ti~ 2s 

M 0( S ) = A °°' FP 1 L( 8 - i F)C fc (a + 1) 



P + l ' 2' 'l-AocFpVa- 
as desired. 

General case, depth 

We now do the above computations but with the general theta function 
As before, we shall compute the Mellin transform 



M<f>(s) = I <j>(0,y)\y\ s d x y. 
We shall need the theta functions 

meTR, ^ ' ^ ' 

m=h mod Z) 

where /i £ R/ DR. We begin by writing: 

9£(u;; 5 ) = r(«) ^ W D (K)e((/t| - Ah l h z )u/D) X o v W^g-\h)/y/D) 

heL, N\hi 
D\Q(h) 

Splitting over representatives r defined modulo D we get 
Q%(w;(p,y)) =t(v)\v\V a £ W D (f)0(D,w,r 2 ) 

f&TR a /DTB? 
r\— 4rir3=0 (D) 



X 



Ai=ri (-D) 
/i 3 =r 3 (D) 
iVT|hi 
T|h 3 
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Applying Poisson summation over /13 , we get (we denote the dual variable by 
S3 which should not be confused with the exponent s of the Mellin transform) 



e£K(o, y )) 



"(u)|y|M 3 / 4 
\VvD\ 



W D (r)6(D,w,r 2 ) 



E 



lusn (D) 
NT\hi 
T\s 3 



r&TR 3 /DTR 3 
r\— 4rir3=0 (D) 

S3r3\ ( Vvyhi\ fy(-Ah 1 u + s 3 ) 



So that 



/ 9%(w-,(0,y))\y\ s d*y = T k (l+ S )\D\ s / 2 T(v)\v\ 1/4 W D (f)9(D,w,r 2 



r£TR 3 /DTR 3 
r\— 4rir 3 =0 (D) 



h!= ri (D) 
NT\hi 
T\s 3 



"53^3 



1 1 

\v\ 2 



D J m&-x{\vhi\, I — Ah\u + S3 1 } 



Define G n ,d ,r 2 { w ■• s ) by 



r 1: r 3 eR/DR 
irxrz=rl (D) 



h!= ri (D) 
NT\h\ 
T\s 3 



m 2 



D / max{|u/ii|, I — \h\u + S3I} 1 " 



We now express Gn,d,t 2 { w -, s ) i n terms of Eisenstein series. Specifically, we 
define the following congruence subgroups of 77(6X2 (i?)) : 



Ti{D) = e v(SL 2 (R)) 

and T N>D =T (N)nf 1 (D). 

Now define the Eisenstein series via 



En,d( w > 8 )= E MifcH) 4 

7eroo\rjv,D 
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Then for 7 COirfo = rj (( c * d * )) G SL 2 (R), we readily compute 



1 + 3 
V\ 2 



EnM-TcoJoM, (1 + -)/2) = E max{ |, c | ; | CT + d|}^ 

c^co mod D 1 J 

d=do mod D 
(c,d)=l 

Though En,d(w, s) looks similiar to GN,D,r 2 ( w i s )i we have to deal with the 
fact that h\ and S3 might not be relatively prime. In order to separate the 
gcd from the sum we define the following function 

G n ,d,t 2 {w,s) = V W D (f) V e(— - 2 — - — — — 

^ , s V D J maxl \vhi , — 4/iiti + S3 1 

r u r 3 £R/DR hi=n (D) V 7 IJ 

rxr 3 =r\ (D) NT\h\ 
(s 3 ,N)=l 
T\s 3 

The following Lemma separates the factors of DN from the sum. 
Lemma 4.3. 

G N>D ,r 2 (w,s) = V W D (f) V e( ^ r3 ) ^ ■ — 

^— ' V D / maxj b/ii , — 4/iiii + S3 l 1+s 

rm&R/DR hisri{D) v 7 a|J 

rir 3 =r2 (D) NT\h\ 

(( ri ,s 3 ),D)=l 
T\s 3 



and 



GN,D,r 2 (w,s) = S 1 ( ^) Dr J y W 1 s) 

d\N \ / d> 



Proof. Let ((hi, S3), D) = 6. Since D is square-free, D and D/fr are relatively 
prime. Hence by the Chinese Remainder Theorem we have 

R/DR = R/bR R/(D/b)R. 

Using this decomposition we separate the r 3 sum into r 3 mod b and r 3 mod (D/b), 
and Wd splits accordingly as Wd = Wm/fyWh- Since 6 | S3 the character 
e(—s 3 r 3 /D) is constant on R/bR and the sum over r 3 mod b becomes 



r 3 (6) r 3 
This establishes the first statement. 

For the second statement let c = (s3,iV). The substitution {hi — > S3 — )• 
— , ri — >■ — , r3 — > cr^} leaves the character e(—r 3 s 3 /D) invariant. Note 
that with the flip, Wd changes by the quadratic character: 

W D ((n,r 2 ,r 3 )) -> W D ((n/b,r 2 ,br 3 )) = (£) W D ((n,r 2 ,r 3 ). 



54ETAPLECTIC RAMANUJAN CONJECTURE OVER FUNCTION FIELDS WITH APPLICATIONS TO QUADRATIC FO 

Summing over all such c gives 

GN,D,r 2 (w,s) = ^flid)^ 8 ' 1 (^-j Gn Dr2 (w,s) 
d\N \ / d> ' r2 

as desired. □ 

Now for ((hi, S3), ND) = c / 1 the same substitution {h\ — > — , S3 — > 
if' r i ~~ ^ IT' r 3 ~~ ^ cr 3i as ™ ^ ne P ro °f above gives 

P\DN \ 1 1 / 

V Wn(f) T e(^*) 

VV D\') 2^ \ D J max \vh 1 \,\-4h 1 u + s 3 \} 1 + s 



ri,r 3 ER/DR hi=n (D) 

NT\h\ 
(h u s 3 )=T 



and so the 



Note that the first factor is L N (s + 1,Xd) = JJ ( 1 - \p?i +3 J > 

P\N V ' ' / 

above simplifies to 
(34) 

G N , D , r2 (w,s) = L N (l+s, XD ) Yl W ^ E p- (1+s) ^,D(7r 1>S3 H,(l+s)/2)e(^) 



ri,r 3 €R/DR s 3 &R/DR 

r 2 
1 _> 



We now compute the Mellin transform of 4>((0,y)) as intended. 

W^E)=p- {l+s) [ I F(^je%(w;(0,y))\y\ s dwdy 
Jk^ Jr (N)\w 



p-(i+*)r k (l + s)\D\ s / 2 f \v\ 1 / i F(w)y^6(D,w,r 2 )G NiDir2 (s)dw 

Jv (N)\m ^ 

p-(i+s)T k (l + s)\D\ s / 2 f H^fg^^A^r^r-^)^ (s)d 

Jr (N)\W ifr \ D J ~d' D ' T2 



Now, for d 7^ l,d|iV, 9(D,w,r2)EN D (w,s) is invariant under T(D) nT(^) 

d ' 

which is not contained inside Tq(N). However, F(w) is a newform for Tq(N) 
and so is orthogonal to any function invariant by a bigger group as it would 
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then be in the old space. Thus the above integral vanishes unless d = 1. So 



M</>(a) =p-^r k (l + s)\D\ s / 2 f \v\V 4 F(w) V e(D,w,r 2 )G N . D . r2 (s)dw 

= p^ 1 ^T k {l + s)\D\ s / 2 I \v\ l,i ~F{w) V W D (r)e(D,w,r 2 )L N (l + s, XD ) 

Jr n (N)\u „,rn; m , 



E E N,D{l ri , S3 {w), (1 + s)/2)e ( S p 3 ) dw 

ss&R/DR ^ ' 

: p-^T k (l + s)\D\ s / 2 [T (N) : f^]" 1 

I Jv\ l ' 4 ~F\w) Y, W D (f)6(D,w,r 2 )L N (l + s, X D) 
Jr N.o\a fe(R/DR) s 



1 2 



E ^(7r llS3 H,(l + a)/2)ef-^)d«; 



x 

s 3 eR/DR 



Since (N,D) = 1, we can pick representatives for ri,S3 such that 7 rijS3 G 
ro(iV). Then is invariant under the change of variables w — > ^y~ 1 1 S3 (w). 
As in [38] we have the following transformation property: 

6(D, 1 -] S:i (w),r 2 ) = \D\- 1 / 2 i(u/d) Y C r2>v 9(D,w,u) 

vGR/DR 

where C r2iV are constants and C r2i o = (77) e ^ S3 ^ 4r ^ — ^ _ w D (f)e {^r) ■ 
Now, since En,d{w, s) and are both invariant under w — > w + 1, and 

2 

9(D,w + l,a) = e(jy)6(D,w,a), everything but the 6(D,w,0) contribution 
vanishes. Therefore, we are left with 



M<f>(s) = p" (1+s) r fc (l + s)L N (l + s,xd)\D\^[T (N) : ^-^(D) 

x / _ |u| 1/4 F(io)6lp, u/, 0)Sjv,u (id, (1 + s)/2)dt« 
Jf NtD \m 



where k(D) = #{r | W/?(r) 7^ 0}. A simple computation yields 

[f (N) : Tn,d]~ 1 k(D) = 1. 



Unfolding the Eisenstein series, we get 
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M<t>{s) = V -^T k {l+s)L N (l+s,XD)\D\ 1 ¥ i _F(w)6(D,w, 
Unfolding as before leads to 



r |s/2+3/4 du dv 
\H M 2 



M4>{s) = r 2s - 1,2 L N (l+s, XD)\D\ 3 / 4 T k (s+l/2-iOr k (s+l/2+iOL D ( S -l/2, F) 
from which the result follows. 

General Case, depth 1 

The above calculations go through, except 

E N>D (w,s) = ^2 Im(^(w)) s 

is replaced by 

as in the case where N = D = 1. 

As before, E± n d(w,s) is a depth 1 function. Following the above calcula- 
tions gives the result. 

□ 

5. A Waldspurger TYPE FORMULA 

5.1. Qualitative facts about the Shimura correspondence. We will 

need two general facts about the correspondences that we have defined: that 
they preserve cuspidality and Hecke eigenspaces. To establish these we use 
the fact that locally, the correspondences that we defined (for any D £ F P [T] 
that we are considering) are instances of a general correspondence known 
as the local Howe correspondence. To define the correspondence we start 
with two closed subgroups H and G of a symplectic group that are maximal 
commutants of each other. (Such pairs of groups are called dual reductive 
pairs.) Denote their inverse image in the metaplectic cover of the symplectic 
cover by H and G respectively. Then a representation ir^ of H is said to 

correspond to a representation 7rg of G if the tensor product tt^ 7rg can 
be realized as a quotient of the Weil representation of the symplectic group 
that H and G sit in. Howe's conjectures (proved for archimedean local fields 
by Howe [15] and for nonarchimedean local fields of characteristic not 2 by 
Waldspurger i RJ ) roughly states that for any representation 7rg of G there is 
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at most one irreducible representation tt^ = 9(t^q) of H that it corresponds 
to, and if 6»(vrg) / and 0{ir~) = 6{tt'~) then vrg = ir'~. We will only need 
the first part of the statement which gives a local multiplicity one result. 
The case that is pertinent here is that of H = PGL{2) and G = SL{2). 
Translated to the language of the present paper, the Howe correspondence, 
combined with the strong multiplicity one theorem for PGL{2), says that 
if F is a Hecke eigenform on SL(2), than so is its Shimura lift </>. So the 
Shimura lift preserves Hecke eigenspaces. 

In [11], Gelbart and Piatetski-Shapiro proved cuspidality results for gen- 
eral theta lifts (cf. Theorem 15.1 and Corollary 15.6), which in our case 
gives: 

(i) If F is a cuspidal Hecke eigenform on SL(2) that is not a theta 
function of 1-variable, then its (.D'th) Shimura lift is also cuspidal. 

(ii) If (j) is a cuspidal Hecke eigenform on PGL(2), then its (-D'th) Maass- 
Shintani lift is also cuspidal. 

In what follows we shall also use these two facts. 

5.2. Waldspurger's formula. We are now ready to deduce Waldspurger's 
formula. We start with the depth case. Pick an Hecke-eigenbasis for 
Sq(Tq(N)): {Fi, F2, .., F r }, which is orthonormal for the Petterson inner 
product. Let N = YYlLi If ^ e * ne decomposition of N into irreducible 
prime powers. Let <j){z) be an automorphic Hecke eigenform of depth 
of level N, with first Fourier- Whittaker coefficient A^(l) equal to 1. Let 
FW(w) be the D'th Maass-Shintani lift of (j). We are going to write the 
D-th Fourier- Whittaker coefficient \ F [d\{D) of F in 2 different ways. On 
the one hand by Theorem 14. II we have 



\ F[D] (D) = CtG 1 (D)\D\- 3 / 4 L(l/2,<px X D)n( 1 + (^") ™C^) ( 1+U W) 

On the other hand, since we know that F^ is cuspidal, we can expand it 

as 

j 

We also have by definition 

(F^ D \ Fj) = f F^(w)Fj(w)dw = [ [ e^ ) (w;z)(t>(z)F j (w)dzdw 

Jr (N)\w Jr (N)\w Jr (JV)\H 

= / (f>(z)(/>j(z)dz = {4>,4>j) 

Jr (N)\m 
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where 4>j is the D'th Shimura lift of F~. Since (j>j is a Hecke eigenform, by 
strong multiplicity one it is either a constant multiple of <p or orthogonal to 
it. If it is a constant multiple Mj of cf>, then 

(^,4>) =M j ( ( j>,^), 

and thus 



QG?i(£>)|Z>r 3 / 4 L(l/2, </> x X d) \{ ( 1 + 

i=i 



D 



(1 + WoBt4) ) = X F (D) 

= J2(F,F j )X Fj (D) 

j 

= £m 3 -<*,(4)A Pj (D) 



where C, = Jp ^ w -^. 

By Niwa's Lemma, if X Fj (D) / 0, then Mj = p- 1 / 2 \D\ 3 / 4 X Fj (D)/X (f> (l). 
Putting this together, we arrive at: 



Theorem 5.1 (Waldspurger's formula for depth 0). Let (j) £ Sq(Tq(N)) 
with D coprime to N, squarefree and D £ k 2 ^ . Then we have the following 
identity: 

i m / /; Q 



i=l ^ \ / 1 / Shim{Fj)=4> 



where = -, — / 



For the depth 1 case, we pick an orthonormal Hecke eigenbasis for SQ ew (To(N), 1). 
Now repeating the argument above,we arrive at: 



Theorem 5.2 (Waldspurger's formula for depth 1). Let <f> E S? ew (F (N)) 
with D coprime to N, square-free, and D E k 2 ^ . Then we have the following 
identity: 

1 (P+l) „ ,nMn,-8/J rrt /o NTT A , 



^ Shim( Fj )=(f> 
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By Drinfeld's [5] and Deligne's [I] works, L(l/2,<p x xd) satisfies the Rie- 
mann hypothesis. Hence by Theorem 13.81 we know that it satisfies the Lin- 
delof Hypothesis. Therefore we get 



Theorem 5.3 (Metaplectic Ramanajun conjecture). Let F be a fixed cus- 
pdial meteplectic form of level N , depth or a newform of depth 1. Then 
for D G R square-free of even degree and relatively prime to N we have the 
following bound 



Proof. Without loss of generality we can assume that F is a Hecke eigenform. 
If F is a 1-variable theta function then the Fourier- Whittaker coefficients 
Xf(D) are supported only on one square class, and the theorem follows 
tautologically. 

Else, consider the D'th Shimura lift, 4>, of F. By the discussion in §5.11 eft will 
is a cuspidal Hecke eigenform itself. Then Waldspurger's formula combined 
with the fact that \Gi(D)\ = \D\ 1 / 2 gives us 



X F (D)\ 2 «f |£>|-V2+°(i) 



as \D 



oo 



(35) 

|AfOD)| 2 < 



£ \X Fj (D)\ 2 < F 



L(l/2,<j>x X D) 



D]- 1 < F L(l/2,0x XD )| J D 



Shim(Fj)=<p 



Where the implied constant in the last inequality is independent of D (Note 
that the Shimura lifts depended on D). This is because the space 5o(ro(iV)) 
is finite dimensional, so we have (</>,</>) > min{(^>i, 4>i), • • • , (<f> n , (f> n )} inde- 
pendently of D, where {^j}" =1 is a Hecke eigenbasis for So(Tq(N)) (and 
similarly Si(r (iV))). 



Then (|35p combined with Theorem 13.81 and gives the result for D S . For 
D of even degree and not in k^, take e G ¥ p not a square so that we have 
eD G fc^j. We appeal to section [2T8l to see that \\p(D)\ = \Xp e (eD)\ and the 
result follows. 



□ 



Note that the implied constants in <^.p notation are effective and the stronger 
bound in Theorem 13.81 applies. 



6. Proof of Theorem 11.71 



We are now ready to finish the proof of Theorem ll.71 Let Q be an anisotropic 
ternary quadratic form, which is rationally equivalent over k^ to Tex 2 + 
Ty 2 + ez 2 , where e G ¥ p \¥ 2 . Define @q(z) and &g(z) as in equations [2] and 
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[TJ Then by Siegel's Theorem (Theorem (|A.12j) ) we can expand it as a sum 
of cuspidal Hecke eigenforms of type 1, depth 1 and level disc(Q) as 

j 

Recall that the sum on the right hand side is a finite sum. 

Take D G R to be of even degree, square-free and relatively prime to disc(Q). 
By looking at the D'th Fourier- Whittaker coefficients of the above equality 
we get 

\v\ 3 / 4 r Q (D) XOoo (Dv) = \v\^ 4 r G {D)xo x {Dv) + Y,^F ] {D)W Fj {Dv) 

j 

where Wf 4 is the appropriate Whittaker function, depending on which of 
the spaces Sf ew (f (N)) and 5 (f (iV)) contains Fj. 

By theorem 15.31 we have |Af.(-D)| <Cj \D\~ 1 / 2+t . Also by Siegel's mass 
formula lA.13l we have r G (D) ^ L(q, xd)\D\ 1 ^ 2 ■ This, combined with Lemma 
O shows that r G (D) > Q ID^/Iogplogp \D\. (See 35151 ) We conclude 
that, for e > 

r Q (D) = r G (D) + O e (\D\* +e ) 

as desired. Note that the effectivity of Lemma 13 . 71 implies that the above is 
effective. In particular for a given form Q we can actually write down all 
the even degree polynomials D G F p [T] that it represents. 

7. An Example 

In order to give a flavor of the kind of representability questions to which the 
methods developed in this paper applies to, we give the following example. 
Let p = 5, k = Fs(T), e G F5 a non-square, and Qi, Q2 be the anisotropic 
quadratic forms given by 

Qi (X, Y, Z) = X 2 + (T 3 + T + l)Y 2 + eZ 2 

Q 2 (X, Y, Z) = (T 2 -T - l)X 2 + (T + \)XY + TY 2 + eZ 2 

First note that the two forms have the same discriminant 

disc(Qi) = disc(Q 2 ) = e(T 3 + T + l)=N 

which is square- free over F5. 

Lemma 7.1. Qi and Q2 belong to the same genus. 
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Proof. In order to check the equivalence of these forms at each completion 
we check the equivalence of the Kohnen symbol for each form. Note that 
for w \ N the two forms are diagonalizable over O w and since they have the 
same determinant (which is a unit in O w ) they are equivalent and we only 
need to check w dividing N. We start with Q\. Q\ represents 1 hence the 
Kohnen symbol is 1. The second form represents T 2 — T — 1. The Kohnen 
symbol is 

/ r 3 + r + i \ = 

\T 2 -T-l) 

Hence the forms belong to the same genus. □ 

Now, Taking X = 0, Y = 1,Z = we see that Q2 represents T, while it 
easy to see by degree considerations that Q\ does not represent any degree 
1 polynomial. Therefore there is no local to global principle in this case. 
However, our Corollary 11.81 implies that for all sufficiently large odd degrees, 
Qi and Q2 will represent the same polynomials. 

The authors would like to thank Peter Sarnak for originally suggesting the 
problem under consideration and for many helpful discussions. We would 
also like to thank Benjamin Bakker and Bhargav Bhatt for related conver- 
sations. We would also like to thank the referee for a careful read of the 
first draft of the paper and pointing out to numerous inaccuracies in the 
exposition. 

Appendix A. Weil representation 

In this section we will call the Weil representation and then use it to get the 
desired transformation properties of the theta functions used throughout the 
text. 

A.l. Gauss sums. 

A. 1.1. Gauss sums on quadratic spaces. Let k w be the completion of F P (T) 
at a place w, and p = 1 mod 4 (actually for this subsection all we need is 
a local field of characteristic not 2), and let ip w be a non-trivial additive 
character of k w . In this section we will define Gauss sums for a quadratic 
space (V w , Q w ) over k w . Since the cahracteristic of k w is not 2, there ex- 
ists 1-dimensional quadratic subspaces (y w ,i,Qw,i) such that (V W ,Q W ) = 
@{V Wt i,Q w ,i)- Let dfi Wj i be the self-dual Haar measure on V w> i with re- 
spect to the Fourier transform defined by the bilinear form associated to 
Q Wj i- More explicitly; define the bilinear form Bq w i : V Wj i x V w j — > C by 
B QwA x >y) = (Qw,i( x + y)~ Qw,i( x ) ~ Qw,i(v))/ 2 - Tnen the measure dfj, Wti 
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is normalized so that fix) = /(— x), where the Fourier transform is defined 
by 

(36) f(y):= f(x)^ w (-2B QWti (x,y))dfi Wt i(x) 

Now given a triple (V w ,Qw,ipw) define G^ W)Qw by 

Gip w ,Q w '■= Gip w ,Qw,i 

i 

Where we define the 1-dimensional Gauss sums G^ Wt Q w as follows: Let 
{Uj}JL\ be a set of compact open subsets of V w> i such that; V{ C Vj for 
i < j, and U^LjE/j = V w ^. Then define 

G ^Pw,Q wl '■= bm / ip w (Q w ,i( x )) d Hw,i( x ) 
3^°° JUj 

The fact that this limit exists and is independent of the choice of the cover 
{Uj}JL 1 follows from Lemma 1.5.1 of |37j (the sequence of integrals stabilize 
after a sufficiently large j). The independence of G^ W) q w of the decomposi- 
tion into Q w /s also follow from the same lemma. 

Finally, for a £ ^ we define G^ w>Qw (a) by fj, G i> w ,Q w ,i(<x), wh ere the 1- 
dimensional sums are defined by 

G tp w ,Q wi ( a ) '■= bm / ip w (aQ w ,i(x))d[i w ,i(x) 



A. 1.2. Gauss sums for a general additive character. Following |37j . in this 
section we will calculate the 1-dimensional Gauss sums for the quadratic 
space (k w ,Q w ), where Q w (x) = x 2 . The notation is as in E jA.l.ll Let w w be 
a uniformizer for the maximal ideal O w C k w , and denote the conductor of 
tyw by f w = w™ w . Let fj, w be the self-dual Haar measure on k w as in E jA.l.ll 

i.e. jjL w is normalized by f(x) = f(—x) where the Fourier transform is defined 
by (|36|) . We denote the Gauss sum G i p w: Q w simply by G^ w . i.e. 



(37) G^ w = lim / ip w (x )d/j, w (x) 



As before, for any a G k* we have the Gauss sums, G^ m (a); 
(38) G^ w (a) = Jim / ip w (ax 2 )dn(x) 



m— >oo 



A quick computation (cf. [37]) shows that the Gauss sums above reduces 
to: 
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Lemma A.l (Shalika, [37]). Let a £ k*. Then 

1 if v w (a) — m w = mod 2 

^ tpwiaow^^x 2 ) ifv w (a) -m w = 1 mod 2 



G^ w {a) = \a\ w 1/2 



v w {a) 



Where Qo € 0* is defined by a = a^w^ 
Proof. This is Lemma 1.3.2 of [37] . □ 

A. 1.3. Explicit computation of a concrete Gauss sum. In what follows we 
will be considering various quadratic forms and ^-functions associated to 
them. We will derive their transformation properties from the underlying 
Weil representation. In this subsection we will calculate various Gauss sums 
that will appear in that context. 

The setup of this subsection is almost identical to that of §A.1I but with 
the difference that now we will explicitly chose a global additive character 
and uniformizers at each place. Let p = 1 mod 4 be an odd prime, and 
k = ¥ p (T). Let w be a valuation of k and denote the completion of k at 
w by k w . Let O w be the ring of integers, be the residue field at w, 
and w w be the uniformizer for O w . Let ip w denote the character ijj w (a) = 

27Ti , Tr w (Res w (-ad x T)) , 

e p , where a € k w , d T = ^7 is a meromorphic differential 

on P 1 (for a precise definition of a differential see for instance chapter 4 of 
[4"T]). For any differential form uj w , Res w (oj w ) denotes the residue of the form 
at the point w (note that this is independent of the choice of the uniformizer, 
cf [H]) and Tr w is the trace function, Tr w : F„, — > ¥ p . 

In this setup we can explicitly compute the Gauss sum that appears in 
Lemma lA.ll We start with the base case when ¥ w = ¥ p . 

Lemma A. 2. Let w be a degree 1 valuation, i.e. ¥ w = ¥ p , and «o £ C^- 
Then, 

\tZw\w ^2 i/Jwiaow^^x 2 ) = (a ,w w ) w 



Proof. We first start with the case w is not the valuation induced by T, or 
T . In this case d x T is holomorphic (hence m w = 0) and the residue of 
ctozcr™ w x 2 d x T is ao.o^O' where ao £ «o,o + tt w O w and x £ xo + w w O w , 
and we have identified O w /w w O w with ¥ p . Then by definition 

2^ ip w (a w^ V) = 2^ e p 

x£O w /zu w O w /3modp 
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which is a classical Gauss sum. Now recall that p = 1 mod 4, therefore the 
above sum is equal to f-^M \fp- Then the lemma follows by noting that 

(a ,w w ) w = (^)- 

Now if w = oo, i.e. it is attached to the degree valuation, then in the local 
coordinates d x T becomes —dm^ and the above argument works verbatim 
with the flip of a sign, the noting that in the local coordinates the differential 
is given by adwoo, hence the above argument carries verbatim. Finally for 
w induced by T, we have d x T = ^ hence m w = 2. 

□ 



We will now pass to the general case of arbitrary degree valuations by using 
Hasse-Davenport relations which we quickly recall. Let ¥ q s /¥ q be an exten- 
sion of finite fields of degree s. Let tp be a non-trivial additive character of ¥ q 
and x be a non-trivial multiplicative character of F* . Let Tr and N denote 
the trace, Tr : ¥ q s — >■ ¥ q , and norm, N : F* 3 — > ¥ q , maps respectively. Let 
r(ip,x) denote the Gauss sum attached to any pair, (ip,x)i of additive and 
multiplicative character of a field ¥ q . i.e. 

agF* 

The Hasse-Davenport relation relates the two Gauss sums r(tp, x) an d r(ipo 
Tr, x N), and states that 

(-r(^, X )) s = -r^oTr, X oN) 

For a proof of this relation see [16] pg. 274-278. We can now pass to the 
general case of computing the Gauss sums over an arbitrary residue field. 



Lemma A. 3. Let w be a place of k, k w be the completion of k at w, O w the 

ring of integers of k w , and w w be a uniformizer at w . Let ¥ w be the residue 
field at w. Let s w be such that i£¥ w = p Sw . Then for each a € O x we have 



i 



\kj w \w Yl ^w{a Q m™ w V) = (-l) 1+Sw (a ,w w ) w 

x&O m /m m O w 

Proof. We start with noting the following; if we denote the quadratic char- 
acter that is 1 on squares and —1 on non-squares of ¥ p s w by (note 
that this is not the Legendre symbol modp Sw ), then we have 



2iTiTr w (— Res w (aQzu™ w * d x T)) — ^ / X \ ^TriTrui (— Kes-uj (qqw{J 



xeOvj/zowOu, xe¥ p s w x gF^ Sro 

Since the multiplicative group of ¥ p s w is isomorphic to its own dual, and is 
cyclic of order p Sw — 1 and p is odd, it has a unique subgroup of index 2 which 



¥ p s 



e p 
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means there is a unique character of order 2 on ¥ p s w . Denoting the norm 
function from W p s w to F p by N w , note that both ( jp-^— J and ( Nw } ^ ) (note 



v 

that we are using the ordinary Legendre symbol this time) are characters of 
¥p Sw of oerder 2, and hence they are the same. Therefore we get that the 
sum above is 



X \ 2niTr w (-Res w (a *,™ w xd x T)) / aQ Q \ fN w (x)\ 27T»Tr m ( - Res w (wg^ 1 xd*T)) 

1 g p 



Wj^Sw I \ F T) s u , 7 — ^ 

by the Hasse-Davenport relation. Now in order to finish the proof note that 
the inner Gauss sum was computed in Lemma I A. 2 1 and its value is y/p, and 

the quadratic character fjr^-J is equal to the Hilbert symbol (ao,m w ) w . 
The lemma follows. □ 



A. 2. Weil representation and theta functions. The theory of Weil rep- 
resentation provides a natural framework in which theta functions can be 
viewed as automorphic forms. We will introduce the Weil representation 
and the Metaplectic group and show that our theta functions fit nicely into 
this framework, and use this to show the modularity of such. Referances for 
this section are [TO]. [33]. [37]. [44]. 

A.2.1. Local Weil representation. We begin by sketching the general con- 
struction of the Weil representation and the metaplectic g roup . Let k^ 
denote the completion of the function field k = F p (T) at a place w as usual. 
{char{k) 7^ 2) Let be an ra-dimensional vector space over k w with a non- 
degenerate symplectic form, (■,■}: x fi —>■ k w . Define the Heisenberg 
group of f2 by 

H(Q) = {(u,t) I u £ Q, t E k w } 
where multiplication is given by 

{ui,t l )(u 2 ,t 2 ) = {u\ + u 2 ,h + t 2 + ^(ui,u 2 )) 

For any nontrivial additive character ip w of k w , the Stone- von Neumann 
Theorem guarantees the existence of a unique irreducible representation p^ w 
of H(£l) on which k w acts by the character ip w . We also have, by definition 
of H(Q), Sp(Q) acting on H(£l) by g(u,t) = (gu,t). For each g G Sp(Q) 
the composition p^ w {g-) gives another irreducible representation of H(Q) on 
which k w acts by ip w . Then by the uniqueness part of Stone- von Neumann 
Theorem we get an intertwiner a^ w , unique up to a scalar such that 

PV™ (9u, t) = cr^ {g)p^ w (u, t)a^ w (g)~ l 
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Since the intertwiner is denned up to a scalar, g — > o^ w {g) defines a pro- 
jective representation of Sp(Q). By the standard theory of projective repre- 
sentations ([37]), this representation gives rise to a unique cohomology class 
of order two in H 2 (Sp(n), S 1 ) (04], [10]), where S 1 = {z G C | \z\ = 1} is 
the unit circle. This cohomology class then defines a double cover of Sp(fl) 
which is called the metaplectic group and denoted by Sp(£l). Furthermore 
we also know that H 2 (Sp n , Z/2Z) = Z/2Z (cf. Theorem 10.4 of [29]) so this 
construction gives the double cover of Sp(£l). 

We will now adapt the above general picture to our situation of SL2 (mainly 
following Gelbart [10]) and give an explicit realization of the Weil represen- 
tation (We give the construction for n = 3 dimensions here, but the con- 
struction works almost verbatim for general n.). Let V w be a 3 dimensional 
vector space over k w and Q w a non-degenerate quadratic form on V w . Fix an 
additive character tp w of k w . We define our symplectic group, Sp(V w x V w ) , 
to be the group of automorphisms (over k w ) of V w x V w fixing the symplectic 
form: (v,u) ->■ B Qvj (vi,u 2 ) - B Qw (v 2 ,ui), (v,u) G V w x V w . Notice that 
k w acts on V w by scalar multiplication, which induces an action of SL2(k w ) 
on V w x V w by (v,u) — > (av + bu, cv + du), where ( a c b d ) G SL2{k w ). This 
shows that SL2{k w ) embeds into Sp(V w x V^) and then the above construc- 
tion associates a projective representation to SL2(k w ) whose cocycle is of 
order 2, and hence defines a representation of the double cover of SL2(k w ). 
Therefore for each quadratic space, (V W ,Q W ), and a non-trivial additive 
character, ip w , this construction^] gives a representation of the double cover 
of SL 2 (k w ). 

We can realize the Weil representation explicitly as follows. Let V w x V w = 
X © Y, with X and Y maximal isotropic subspaces, be a complete po- 
larization of the symplectic space V w x V w . (Note that the decomposition 
V w x V w = V w © V w produces such a decomposition and we will be work- 
ing with this particular decomposition) Let ip w be the additive character 

n 7Ti / Tr w (-Res(h w d x T)) s 

defined by ip w (h w ) = e ( v where h w G k w , w w is a uni- 

formizing parameter at w, d x T = ^ is a meromorphic differential on P 1 , 
for any differential form u w , Res(u w ) denotes the residue of the form (at 
the point w) and Tr w is the trace function, Tr w : O w /w w O w — > ¥ p . Let 
S(Vw) be the Schwartz space of locally constant functions on V w and denote 
the unitary operators on 5(14;) by U(S(V W )). Following [37] we define a 
projective representation, which by abuse of language we still will call Weil 



The above constuction works perfectly well over an arbitrary local field F of residual 
characteristic not equal to 2 and for any n dimensional vector space V over the field. When 
the dimension n is even the projective representation reduces a genuine representation of 
the group SL-2(F) and when n is odd we get a representation of SL2(F). 
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representation, a w> Q w : SL 2 (k w ) — > U(S(V W )), by 

(39) ^,g.((S5))/M = 

\ a \i G t' Q l {a) ^ ( abB Q™ & ")) /M ^ c = 

Where the measure dfj, w is normalized so that f(u) = f(—u), where the 
Fourier transform is defined by 

(40) />)=/ fi^M-ZBQjv^^WM 

Jv w 

and G^ Wt Q m (a) is as defined in §A.1.11 We note that the normalization of 
measure used above is the same normalization used in defining the Gauss 
sums G^ W)Qw . 

It follows from Theorem 2.22 of [10] that this definition makes sense and 
defines a projective representation of SL2(k w ) whose cocycle is non-trivial 
(cf. [10], Corollary 2.24, and note that dim(V^) = 3) and is of order 2, 
therefore defines the double cover, SL 2 {k w ), of SL 2 (k w ). 



A. 2. 2. Comparison of cocyles associated to certain quadratic forms. For our 
applications to quadratic forms we will need to calculate the cocylcles de- 
fined above explicitly for certain quadratic forms Q w . We start with the 
quadratic form Q w = Y2i=i x v We show that the cocycle defined in by the 
above construction matches the cocycle given in §2.21 



Proposition A. 4. Let Q w be equivalent over k w to Yli=i x i- Recall the 
general definition of the 2-cocycle e given in H2.2[ Given <?i, <?2>Siff2 — 
93 € SL 2 (k w ), e( 9l ,g 2 ) = (X(g 1 ),X(g 2 )) w (X(g 1 ),X(g 3 )) w (X(g 2 ),X(g 3 )) w , 
where X{g) is the lower left or lower right entry depending on the lower left 
entry being non-zero or not respectively. Then the cocycle defined by o~ W) q w 
is equal to e. 



Proof. We start the proof by noticing the following; since our form Q w is 
equivalent to Ylf=i x h the Gauss sums G^ Wt Q w {a) (which will appear below 
momentatily) which are defined as in E jA.l.ll becomes the same as the explicit 
Gauss sums in (|38p . whose values are calculated by lemmas I A . 1 1 and I A . 3 1 We 
will be using these computations without further reference. It might also be 
instructive to go through the computation given in the proof of Proposition 
IA.5I to see an explicit calculation of Gauss sums. 

For convenience, throughout the proof we will denote cr W; Q w by a w . Recall 
that by the Bruhat decomposition element g = ("^) £ SL 2 (k w ) can be 
expressed as g = 7 or g = r fT w 'y depending on c = or c / respectively, 
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where T w = (i~q), and 7 = (g s -i) an d 7' are upper triangular matrices. 
Therefore in order to check the cocycle we only need to check it for the 
products T w g and 75. By ([39]) we have 



M7)/M = \s\l G t w > Qw{s) ^ w {stQ w {v))f{sv) 

<? w {T w )f{v) = G^ wiQw f(u) 
We now compare e with the cocycle defined by a w case by case. 
• T w g =(-'-*). Then 

' \ c \1 G gZ' Qw o {C) ^ ( cdB Q- & v )) tt~ c ^ if a = 

/ ^ tyw ,Ww 

\G Mw {a) f Vw ^ ( -^(^)-^ a (^)^(^^) ) /(^)^(^) if a ^ 
Let us first assume that c = 0. Then a 7^ and cr w (g)f(u) 

|3 G ^.Q^( 



<J W (T w g) f{v) 



Hl % w ' Qw J- a) ^{abQ w {y))f{av). Then <r w (T w )<x w ( 5 )/(i/) is given 



by 

l a l™GV>»,Q»( a ) / ip w {abQ w {v 1 ))ip w {-2B Qw {u,v 1 ))f(avi)dii w u 1 
Jv w 

Changing the variables v\ 1— > a~^v\ shows that the cocycle is 1 in 
this case. On the other hand e(T w ,g) = (l,d) w (l,a) w (a,d) w = 1 
since a = d^ 1 and hence they belong to the same square class. 

Now assume that c / 0. Then there are two cub-cases, a = or 
a^O. First suppose that a = 0. Then 

(41) a w {T w )a w {g)f{u) = G^ WtQw G^ Qw {c)x 

, f -2B Qw (vi,v 2 ) + dB Qw (v2,v 2 ) , \ r \ £ t \ j i \ 

Vw 2B Qw (vi,v) dfJwtejffojdfJwiyi) 

V w xV w \ c J 

Changing the order of integration (we remark that the v 2 integral 
does not quite convergence but is interpreted in the distributional 
sense, we omit the details) we get that this is equal to 

\c\iG^ w ,Q w G^ WtQvj (c)i; w (cdB Qw (y,v))f(-a/) 

Therefore the cocycle in this case is seen to be G?,, n = 1. On the 
other hand e(T w ,g) = (1, c) w (l, d) w (c, b) w = 1 since c = fe" 1 . 

Finally assume that c 7^ and In this case we have 

(42) a w (T w )a w (g)f(v) = G^q u G^q u {c)x. 

/ Vw — 2Bq w (u 1 ,u) dyL w {v2)f(y 2 )d^ w (yi) 

Jv- W xv w \ c J 
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As before interchanging the order of integration and completing the 
v\ integral to square we get that the above is equal to 

G^ w ,Q w G^ w ,Q w (c)G^ W) Q w (ac- l )G^ WtQw (a)- l a w (T w g)f(v) 

Therefore the cocycle in this case is given by 

Gip w ,Q w G^, W} Q w 

G^ w ,Q w (a) 

Now a case by case check with respect to the w-adic valuations 
of a and c, using the explicit formulas of ^A.1.31 shows that the 
above is equal to (a,c) w which in particular is equal to e(T w ,g) = 
(1, c) w (l, a) w (a, c) w . Which finishes the proof for T w g. 

sa+tc sb+td \ ^ g K, e f orej we h ave two caseg accorc jing to 



* V s 1 c s 1 d 

whether c = or not. If c = 0, then 

cr w {l)a w {g)f{v) = \as\ 3 w G ^ Q ^ G ^ Q - {s) ^{s{ab S + t)Q w (u))f(asu) 



and 

Vw{ig) = \as\l ] G ^' Qw aS tp w (s(abs + t)Q w (nu))f(asu) 

Therefore the cocycle is given by G ^™' Q ™ (°) G v%>.Q™M _ Qn the other 

hand €(7,5) = (s,a) w (s,sa) w (a,sa) w = (s,a) w . Then again a case 
by case check (using the computations of §A.1.3p depending on the 
valuations of a and s shows that the two are equal. 

Finally if c 7^ 0, then 

4> w {stQ w (v)) I ip w ( = 2- = ) f{v 1 )diJL w {vi i 

and 



Vw{l9)f(v) = G^ WtQw (s 1 c)i) w {stQ w (is))x 

v w V c J 

Hence the cocycle is defined by ^ G ^^ ^ G ^,Q^) _ n the other 

hand £(7,5) = (s _1 , c) w (s~ \ cs~ 1 ) w (c, cs _1 ) w = (s,c) w , and a case 
by case check as before finishes the proof. 

□ 
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We will also be needing the anisotropic form Q w equivalent to ux\ + w w x\ + 
uw w x 2 over k w , where u G 0*\(0*) 2 . 

Proposition A. 5. Let Q w be equivalent to the anisotropic form ux\ + 
vj w x\ + uvu w x 2 over k w , where u € 0*\(0*) 2 . Then the cocycle defined by 



a w q w is equal to e as defined in §2.2\ and in Proposition A. 4 



Proof. The proof is exactly the same as the proof of Proposition IA.4I The 
only difference is the computation of Gauss sums, G^ W: q w , that show up 
in the cocycle associated to o~ W) q w which we recall here. All the neces- 
sary computations were done in §A.1.3l which we take all the notation and 
definitions from. We have the quadratic form Q w which is equivalent to 
ux\ + w w x\ + uw u x 2 over k w . We will follow the recipe given in E jA.l.ll 
to explicitly write the Gauss sum. Since we are given the diagonal form of 
Q w . by the notation of §A.1.1| we can take (V w , Q w ) = @(k w , Q w .i), where 
Qw,i( x ) = ux 2 , w w x 2 or uw w x 2 for i = 1,2,3 respectively. Then the Gauss 
sum G^ WiQw {a) = ^ G^ WiQv]i (a), Q^ w ,Q Wti is as defined in §B- Now w e 
can compute these Gauss sums using lemmas I A. II and IA.31 We only remark 
that the measures on each V Wi i is normalized with respect to Q w ^. 

We only go through the details for G^ mt Q w 3 , which is the Gauss sum asso- 
ciated to the quadratic form utx 2 . Let a E k* by such that a = aow^"^ a \ 
The measure is normalized as in §A.1.1I so that the Fourier transform, 

f(y) = L w f( x )' l Pw(-^uw w xy)dfi Wt i(x), satisfies f(x) = f(-x). In particu- 
lar, by Lemma lA,l[ this implies that the size of the Gauss sum G^ W) q w .(a) 

1—1/2 

is \a\ w . Now that we know the size of the Gauss sum, we are inter- 
ested in the sign. Once again by Lemma IA.1I we know that the sign is 1 is 
Vw(&) ~ m w,i is even, where w w w '' is the conductor of the character ip w .Q w v 
VVQ«M bein g defined by 

i>w,QwA x ) = ^wiuw w x) 
The conductor, vj w w ' % , of ip w ,Q w < is easily seen to be 

if w is not associated to T 
if w is associated to T 

The essential point for our calculations is that m Wj i is odd. Then this implies 

— 1/2 

that G^ W: w w = \a\ w when v w (a) is odd. Now suppose v w (a) is even. 
Then by Lemma lA.ll we have 

G ^w,Q w ,i = M™ 1/2 | OT <X /2 ^ w {uw~ l aQX 2 ) 




METAPLECTIC RAMANUJAN CONJECTURE OVER FUNCTION FIELDS WITH APPLICATIONS TO QUADRATIC FO 



By Lemma [A. 31 this is equal to \a\ w (—l) 1+Sw (uao,w w ) w , where s w is the 
residue degree at w. i.e [¥ w : ¥ p ] = s w . In summary 

1-1/2 J 1 if v w (a) = 1 mod 2 




Now the proof goes through exactly the same as the proof as Proposition 
IA.41 We go through a case by case analysis of the cocycle defined by ct Wj q w , 
whose formulas are already given in the proof of Proposition IA.4I in terms 
of Gauss sums. Then evaluating the Gauss sums as above and comparing 
with the cocycle defined in §2.21 which also is already explicitly written for 
each specific case in the proof of Proposition I A, 41 Then a case by case check 
finishes the proof. 



In fact under the same assumptions it is true that the cocycle defined by 
any ternary quadratic form is e, but since we will not be needing this we 
won't go through a proof. 

A. 3. Global metaplectic group and theta functions. For an odd prime 
p = 1 mod 4 let k be the global field k = ¥ p (T), and let V be an n- 
dimensional vector space over k. Let Q a quadratic form over V and 
L be an i?-lattice such that Q is T 2 R valued on L (for instance L = 
{v G V | iptx>(Q(v)) = 1}). For each place w of k this data defines the fol- 
lowing local objects L w = L <S>r O w , V w = V ®k k w and the corresponding 
extension Q w of Q. Let A/% be the adele ring of the field k. It is the restricted 
direct product Y\ w k w of completions k w with respect to the open compact 
subgroup O w C k w . Let tp : — > C x be the additive character defined by 
ip(ce) = ® w i>w(&w)- Note that on an algebraic curve, sum of the residues of a 
global meromorphic differential is so tp descends to ip : fc\Afc — > C x . 

At each place w, attached to ip w and Q w , we have the local Weil representa- 
tion of SL,2(k w ) defined by (|39|) . This projective representation then defines 
a 2-cocycle, e w , and the metaplectic double cover SL2{k w ). As mentioned in 
§2.21 by Lemma 2.9 of [10] this extension splits over the maximal compact 
SL2{O w ). Then since the metaplectic group is unique, this implies that the 
cocycle defined by ([39]) also splits over SL2(O w ). Lemma 2.9 of [10] also gives 
us the splittings i w : SL 2 (O w ) -)■ SL 2 (k w ) defined by u w {g) = (g, K w (k(g))), 
and K (h), for h= ( a c b d ) £ SL 2 {O w ) is defined by 



Now using these splittings we will define the adelic metaplectic group as fol- 
lows. First consider the restricted direct product M& k := Yl w SL2(k w ) where 



□ 




(c, d) w if c / and c ^ O x 



1 otherwise 
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the restricted direct product is with respect to the embedded open compact 

subg roups {l w (SL/2(O w ))} w . M& h is an infinite cover of SL/2(A-k)- Consider 

the central subgroup Z Ak C M Ak defined by Z Ak := {Yl w (h,S w ) \ 5 W = lfor a.e w, Y\ W S W = 1}. 

Now define the adelic metaplectic group, 5L 2 (A/ C ), as the quotient M Ak /Z Ak . 

Lemma A. 6. SL2(Af c ) is a double cover o/S'Z^Afc). 

Proof. Let ir : M Ak — > SL2(Ak) be the projection map. Let g S ker(7r), then 
9 = Il w (9w,S w ), 5 W = L w (g w ) for almost every w, and ir(g) = U w g w = 1- 
This means that for almost every w, g w = l2 >w and 5 W = L w (g w ) = 1, where 
I2 w stands for the identity matrix in SL2{k w ). So there exists a finite set 
S g of places such that g = l\ we s a (9w, S w ) Ylw^Sgi 1 ^, !)■ Therefore when 
we pass to the quotient tt : M\ k /Z& k — > 5L2(A^), the kernel, ker(7r), has 
order 2, whose elements can be represented by (l2,w , — 1) Y\ w ^ W0 (^2,w, 1) 
an d n tu (^2,w)i 1) for some fixed wq. This proves the claim. 

□ 

We note that SL2 is not a linear algebraic group. The following lemma 
allows us to realize theta functions (and in general any metaplectic form on 
SL,2(k)) as automorphic forms on ST^A^). 

Lemma A. 7. Define the lift % : SL2(k) — > SX2(Afc) by 

Vk(g) = n^' 1 )^ 

w 

where g w = g \/w. Then rjk is a homomorphism and splits eq over SL2(k). 

Proof. This follows from Proposition 5 of [Hj which is true in a much more 
general context then we have here. Since we have everything quite explicit 
throughout the paper we also would like to sketch a more explicit proof for 
the case in hand. For gi,g2 £ SL2(k) we will show that £(3(51,52) = 1- As 
in the proof of Lemma IA.4I it is enough to check this when g\ = T w or 7 
(with the notation of that proof) . Then by the computations of the proof of 
Lemma lA.4l all the cocycles are given as ratios of Gauss sums each of which 
was calculated in E jA.1.31 as a Hilbert symbol. The claim then follows from 
the product formula for the Hilbert symbol. □ 

Before defining the theta functions we are interested in, we would like to 
extend the Weil representation as a representation of SX2(Afc). We will 
define this as the restricted tensor product ® a w . Although the definition is 
quite intuitive, it needs some explanation. The restricted tensor product 
is taken, as usual, with respect to vectors invariant under the maximal 
compact subgroups SL,2(O w ). The fact that for a given global quadratic 
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form Q, almost every a w has a vector invariant under SL 2 (O w ) follows from 
Proposition 2.32 of [TO]. 



We finally define theta functions via the Weil representation. As in the 
above paragraph we define the the global Weil representation by a := <g> a w . 
Let Va,. = V <8>fc Afc and 5(V& fe ) = ^w^i^w)- Define the theta distribution 
Q:S(V Ak )^Cby 

e(4>) = £ <f>(») 

For any (j) G 5(V& fc ) we define the theta function 0^ : SL 2 (A^) — )• C by 

e*G/) = 6(^)0) = ^^)^) 

The most important property of 0^ is the following: 

Lemma A. 8. 0^ is invariant by the action of rjf.(SL 2 {^k)) on the left. 

Proof. It is enough to check the invariance by the action of T w = ( 5 "0" ) 
and upper triangular matrices since they generate the whole group. The 
invariance on the upper triangular matrices follows since our global character 
tp vanishes on k, and the product of the Gauss sums is 1 as in Lemma I A. 71 
The invariance under T w is a consequence of the Poisson summation formula. 

□ 

By the above lemma, theta functions descend to well defined functions on 
the quotient 

0^: ri k (SL 2 (k))\SL 2 (A k ) —> C 

In the next section we will choose specific test functions <fi to get the clas- 
sical theta functions that we are interested in this paper and deduce their 
transformation properties from those of the Weil representation. 

A.3.1. Classical theta functions. In this section we will choose particular 
functions (j) £ S(V^ k ) and construct ^-functions. Before defining the 9- 
functions adelically let us recall embeddings of various groups into the meta- 
plectic group locally and globally. 

For each place w, we have (cf. Lemma 2.9 of [TO]) the group homomorphisms 
l w : SL 2 (O w ) -> SL 2 (k w ), where i w (g) = (g, K w (k(g))), and for h 

a 

c d 1 



ab ,) e SL 2 (O w ) is defined by 



K w (h) 




if c ^ and c g 0\ 
otherwise 
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Next, we have SL2{R). Again in §2.21 we defined the homomorphism rj : 
SL 2 (R) -> 5X2(^00) by 

fag =(**). 

We also have the diagonal embedding % : SL2(k) — > SZ^Afc) defined above 
by 

f}k{g) = {g,g,--- ,g;i) 

rjk is also a homomorphism. 

We also have the embeddings of SL2(k w ) into SI^A^) constructed from 
the canonical embeddings SL,2(k w ) ^ M& k . 

We now restrict to dimension 3, and separate into two distinct cases. Let L 
be the lattice L = {(x,y,z) | G (TR) 3 }, and V = L <2>tr k = k 3 . 

• Q D (x,y,z) = y-z^l, D G F q [T] n (k^f, and D is square-free. 

In this case, the function <\> G 5(Va) we choose is cf> = ®(j) w , where 
4> w is defined by 



4> w ((x,y,z)) 



xo x (x)xo ao (y)xo ac (z) w = oo 
W w (x,y,z) v w {D) > 

[xlM v w (D) = 



Where W w (x,y, z) is defined as follows: It is unless x,y,z and 
Qo(x,y, z) are all in O w . In the latter case, 

{(x,w w ) w if v w (x) = 
{z,vo w ) w if v w (x) 7^ and v w (z) = 
otherwise 

We point out that this is the function that Kohnen defines in |20j . 
The Kohnen function just defined has a natural interpertation. We 
can identify our vector space, V, with the set of symmetric matrices, 
M, via 



(x,y,z)€V<-^h v = (yi) 



G M 



Furthermore on both V and M we have the quadratic form Qd de- 
fined in the obvious way on V, and defined by Qd(v) = — det(h v )/D. 
There is ctn action v of PGL2{kcc> 

) on M. (and hence on V) given by 

transpose conjugation; that is 

r{g){K) = &vt{gy l gh v g t 
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This action preserves the quadratic form and thus commutes with 
the Weil representation. If one considers now the space of symmetric 
matrices A4y w with entries in the residue field, F^, of O w which have 
rank 1 (over F^), then M$ w splits into two orbits under the action 
of r(PGL2(¥ w )), and W w precisely distinguishes these two orbits. 
It is thus not surprising that the action of SLi2{O w ) under the Weil 
representation on W w is scalar multiplication. A computation shows 
that in fact a w (J "q 1 ) (W w (v)) = W w (v), and thus for 7 G SL 2 (O w ), 



(43) <tM(W w (v)) 



W w {v) c G Ol 

(c,d) w W w (v) otherwise 



Using <fi, we define the D'th ^-function, Qjj, on SL2(k 00 )by 
e D (s) = J>( 



Where g G SL2(k OQ ) <— > 6X2 (A^). The first thing to note is that Qu 
is right invariant under l 00 (SL2(0 00 )). 



Lemma A. 9. ®£> descends to a function on EL 



Proof. We note the following: Since SLi2{0 00 ) is generated by ma- 
trices k = ("^) where c = or c G O^, and the embedding 
k ' ^ too(fe) = (k,K-oc(k)) gives an isomorphism between SL2(0 00 ) 
and its image in SL2(k OQ ), it is enough to check the claim on ma- 
trices fe such that c = or c G O^. We start with c = 0. Then 
a G 0£q, Loo(k) = (k, 1), and by ([39]) the action of k on (/>oo is 

<7bo((M))0oo(«) = ipoo(abB QD (v,v))<j) oc (v) = ^(v) 

Where we used the fact that the Gauss sums G^ aoi Q D and G^p oo: Q D (a) 
are both 1, which follows from the fact that D G fc^, the conductor 
of ipoo being 0oo> and Lemma lA.ll The last equality is since v G 
(Coo) =^ Qd{v) G Oqoi also a& G Ooo, and f^oo has conductor Oqo. 
Now consider the case c 7^ and in . Then we have 

((*, D) = ^ ( -Q^)-2B QD ^v l) + dQ D{vi ) ^ d ^ [vi) 

The first thing to note is that ^oo{Qd(vi)) = 1 for v\ G O^. Then 
we are left with 

00 [v 1) 

If t> ^ then the inner integral vanishes because the character is 
non-trivial in that case (recall that we are assuming c G O^). In 
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the case v S we get that both the integral and ip^ac -1 Q d{v)) 
are 1, and this finishes the proof. 

□ 

We are now interested in the automorphy properties of 6/> 



Lemma A. 10. ®d is left invariant under the action ofT = 77(5X2 (F p [T])). 

Proof. Let g £ SL2{k 00 ) and 7 = (" ^) £ T. By the invariance of 
®d on the left by SL2(k) we get 

0o(??(7)3) = ©Z)(%(7~ 1 ) 7 ?(7)fi') 

= E (^) ^oo(9)(0oo)W (g) ^(T" 1 )^)^) 



E (^) a °°^)(0oo)(v) (g) MA(«) ^ 

v£V w^oo w\Doc w\coo 

w\gcd(D,c) w \c 

n(c,d) w ^°(9Mv) 

w\c v&V 

= ®d( 9 ) 

Where in the third line we used the following: At the places w \ D 
the explicit computation of the action of o~ w {^~ 1 ) on W w as given 
in P3|) . and at the rest of the places the action of o- w {^f~ l ) on xl w 
which follow from the same computations as in Lemma IA.9I The 
final equality follows from Lemma |2.H 

□ 

By lemmas IA.9I and IA.101 Qd now gives a well defined function 
on f\H, which in the coordinates of 32XT1 (w = (( "/^H > 
becomes 

e D ((w,i)) = \v\^ 4 (V^,^ooW 

x,y,z,eTR 3 



We remark that ipoo = e with the notation of §2.11 
• Q is equivalent to Tax 2 + Ty 2 + az 2 over k^, where a £ F P \lFp 
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In this case, by Lemma [2.41 r(Ooo) is a lattice, and we define 

<f) G S(Va. ) via 



<t>w{v) 



XL w {v) Wy^OO 



and the (9-function is defined by the same recipe; for g £ SL2(k OQ ) 

Lemma [A. 101 applies to this case verbatim, and shows that Qq is in- 
variant on the left by the action of ro(disc(Q))- The difference of this 
case from the one before is the invariance of (j)^ on the right. Going 
through the computations in the proof of Lemma IA.9I shows that 
in this case Qq is invariant only by ^(-ft'o^oo)) , and hence gives 
us a well defined function on To(disc(Q))\SL2(k 00 )/ ^(Kofaoo)). 
Finally, in our coordinates on HP, Qq becomes 

voc (v) voo(v) 

Qq(w) = \v\^ 4 (V^,^oo)oo 2 Yl <Q(^)xo oo m)v) = \v\%\V^,^ooU 2 Yl r Q (D)e(Du) XOo 

leTR 3 De.TR 



A. 4. Siegel's Theorem. The starting point of all the arguments in the 
paper is based on the observation of Siegel's that Qq — Qq is a cusp form, 
where the genus theta function Qq and the theta function Qq are as defined 
in ([2]) and (P). To our knowledge there is no published proof of this fact 
in the function field case. So in this section we state and prove Siegel's 
Theorem in the anisotropic case. Let Q\, Q2 be anisotropic quadratic forms 
on a k vector space V, and let L 1 and I? be two i?-lattices in V such that 
for all completions w 7^ 00 of R the lattices and with the quadratic 
forms Qi and Q2 are isomorphic as abstract quadratic spaces, and at 00 Q\ 
is fcoo-equivalent to Q2- Then define 0Q,i(g) and Qq,2(9) by 

Where 4>i = ®4>^ w is defined by 




XOeoiQiv)) w = oo 
Xu ( v ) otherwise 



Theorem A. 11 (Siegel's Theorem). F(g) = QQ,i(g) — Qq,2(9) is a cusp 
form. In particuar: 

[ F(((lf),l)g)dx = ,V 5 G SL 2 (A k ) 

Jk\A k 
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Proof. Let N(x) denote ((J f ) , 1) . We now compute 



Switching the summation and integration, we see that the integral over x 
vanishes unless Q(v) = 0. Since Q is anisotropic, this only happens for v = 0. 

Let g = ®'g w = <8>' U "™ ^ ) , $u>) , (note that all but finitely many of the 

5 W are 1) we compute 



Where we set = Qj— l(Ooo)- Since (L^,Q) and (L^,Q) are isomorphic 
as quadratic spaces at w / oo, and Qi and Q2 are equivalent over koo, 



The following corrolary is an immediate consequence of Theorem IA.111 

Corollary A. 12. Let (L\, Qi), (L2, Q2), ■ ■ ■ , (L g , Q g ) constitute a single genus 
of R-lattices for a quadratic form Q. Form the theta functions @Qi(g) as 
above, and define 



where nQ i := ^SOq^R) and no = Yli=i n Q 1 i - Then for all 1 < i < g the 
function ©g(<?) — ®Qi(5) * s a CUS P form. 

A. 5. Siegel's Mass Formula. We give a quick overview of the Siegel mass 
formula over function fields. This formula expresses an identity between an 
appropriately weighted average number of representations of a polynomial 
D by quadratic forms in a fixed genus G, and a product of local densities. 
More precisely, fix a quadratic form Q on an i?-lattice L of dimension n > 2 
which is anisotropic over k^, and let G be its genus. Define 






is independent of i. This completes the proof. 



□ 




r G {D) = n 



-1 
G 



#{l£Li \ Q l {l) = D} 



QidG 
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where n G and nQ i are as in Corollary IA. 121 Now for each valuation w of R 
define the local representation densities 

a QjW (D) = lim |roJ^" 1)r {Z G L w /w r w L w \ Q w (l) = D mod tu^,} . 

1 — >oo 

Then we have the following identity: 

Theorem A. 13 (Siegel's Mass Formula). 

r G (D) = C Q \D^- 1 l[a QiW (D) 

w 

where Cq is a non-zero constant depending only on Q. 

Proof. (Sketch) Standard references for the mass formula over Z are |19j . 
[26j . |27j and |40j . The adelic proof carries over to function fields which 
we outline now. First note that the number r G (D) is the D'th Fourier 
coeeficient of the genus theta function Qq. Let Oq define the orthogonal 
group of the quadratic form Q, and define the theta function, Bq(<?, h), on 

Lk(SL2(k))\SL,2(Ak) x 0(k)\0(Ak) by ®q^{K){z) where <j> is the function 
defined by 



<Pw(v) 

and 



XL w (v) W^OO 
<f>( h \v) := <t>(h-\v)) 



Note that the genus of Q is given by the double coset Oq (A;)\Oq (A&) / J\ w Oq (O b 
and @Q(g,h) interoplates the Oq^s). Moreover, by breaking up over the 
genus one sees that 



Q G (g)= [ & Q (g,h)dh. 

JOn(k)\On(A,.) 



IO Q (k)\0 Q (A k ) 

Define N(x) = ((q f) , 1). We now take D'th Fourier coefficients: 



e G (N(x)g)i>(-Dx)dx = / @ Q (N(x)g,h)dxdh 

Jk\A k xO Q (k)\0 Q (A k ) 

V ip((D - Q{v))x)(f)(h~ 1 v)dxdh 

k\A k xO Q (k)\0 Q (A k ) V&L 



[ V cp(h' 1 v)dh 

JOn(k)\On(A k ) ~r 



<0 Q (k)\0 Q (A k ) V&L 
Q{v)=D 
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Pick vd E L such that Q(vd) = D and let H VD S Oq be its stabilizer. Sice 
Oq{U) acts transitively on elements v £ L with Q(v) = D, we have 



f Q G {N(x)g)yb(-Dx)dx = [ V cp(h- l v)dh 

Jk\A t Jo Q (k)\0 Q (A k ) V&L 

Q{v)=D 

4>{h~ 1 vu)dh 



H VD (k)\0 Q (A k ) 

fi(H VD (k)\H VD (A k )) I <P(h- 1 v D )dh 



fi(H VD (k)\H VD (A k ))Y\_ / <t>w(h~ l v DyW )dh v 

... J H VD (k w )\OQ(k w ) 



Evaluating the local integrals gives the result. □ 

We now restrict to the case where Q is a ternary quadratic form. Let w be 
a place such that v w (disc(Q)) = 0. Then the form Q w is equivalent over O w 
to disc(Q)(x 2 + y 2 + z 2 ). We then compute the local densities at w. 



1 + \tx-w\w v w (D) = 0, (Ddisc(Q),u7 w ) w = 1 
1 - \^w\w v w (D) = 0, (Ddisc(Q),m w ) w = -1 
l-|ro„,| 2 v w (D) = 1 



Combining the above with Theorem I A. 131 we see that rc{D) grows like 
-^(1) Xr>disc(Q))- Using the lower bound from Lemma I37TI we finally get the 
following: 



Corollary A. 14. 

IDI 1 / 2 

r G (D) »q 



logplog p \D\ 
where the implied constant on Q is effective. 
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